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Abstract

This paper proposes a two-step aggregation method for measuring long-term income inequality and
income mobility, where mobility is defined as an equalizer of long-term income. First, the income
stream of each individua is aggregated into a measure of permanent income, which accounts for the
costs associated with income fluctuations. Consequently, mobility will have an unambiguously
positive impact on socia welfare in the sense that for two societies that have identical short term
income distributions, the socia welfare will be greatest for the society which exhibits most mobility.
The second step consists of aggregating permanent incomes across individuals into measures of socia
welfare, inequality and mobility. To this end, we employ an axiomatic approach to justify the
introduction of a generalized family of rank-dependent measures of inequality, where the
distributional weights, as opposed to the MehranY aari family, depend on income shares as well ason
population shares. Moreover, a subfamily is shown to be associated with socia welfare functions that
have intuitively appealing interpretations. Further, the generalized family of inequality measures
provides several new interpretations of the Gini-coefficient. The proposed family of income mobility
also proves to encompass standard measures of income mobility, depending on the assumptions made
about the interpersonal preferences and the credit market.
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1. Introduction

More than haf a century ago, Friedman (1962) suggested that a proper understanding of income
inequality requires taking income mobility into account. The line of reasoning was that high annua
income inequality might occur side by side with little or no longterm income inequdlity, if
individuals positions in the annua income distributions change over time. This motivated a
considerable theoretical and empirical literature, starting with Shorrocks (1978), where mobility is
defined as an equaliser of long-term or permanent incomes.” This notion of mobility is measured as the
change in income inequaity when extending the accounting period of income, and requires
aggregation in two steps. The first step consists of aggregating the income stream of each individual
into an interpersonal comparable measure of permanent income, whereas the second step deals with
the problem of aggregating the individua permanent incomes into measures of socia welfare,
inequality, and mobility. The purpose of this paper is to introduce a framework for measuring income

mobility that contributes to the existing literature in both regards.

In Shorrocks (1978) as well as in most subsequent empirical studies of income mobility, the average
(real) income over several yearsis used as an approximation for permanent income.” . This means that
the two-period income streams (50, 100) and (75, 75) will be considered to produce the same level of
permanent income. Accordingly, this approach pays no attention to the fact that mobility may imply
income ingtability for the individuals which will matter for their welfare if it is costly to transfer
income between time periods. In fact, this problem was acknowledged by Shorrocks (1978), and is a
common criticism of studies of mobility as an equaliser of longterm average incomes (see e.g.
Chakravarty et a., 1985; Aktinson et. d., 1992; Fields and Ok, 1999; Aaberge et d., 2002).

To develop a method for measuring mobility where high mobility, everything else equal, is socialy
preferable, it is necessary to introduce a measure of permanent income that incorporates the costs of
and congtraints on making inter-period income transfers. To this end, we draw on the intertemporal
choice theory and define permanent income as the minimum annual expenditure an individual would
need in order to be as well off as he could be by undertaking inter-period income transfers. The
minimum annual expenditure will be denoted the equally allocated equivalent income. To justify
interpersonal comparison of the equally allocated equivalent incomes, we follow standard practice in
assuming that the inter-period income transfers are carried out in accordance with an intertemporal

! We refer to,Chakravarty et al. (1985), Atkinson et a. (1992), Dardanoni (1993), Fields and Ok (1996, 1999) and
Gottschalk and Spolare (2002) for discussions of aternative definitions of mobility.

2 A number of studies measure long-term inequality and mobility based on average income, including Shorrocks (1978),

Chakravarty et a. (1985), Bjarklund (1993), Gustafsson (1994), Burkhauser and Puopore (1997), Maasoumi and Trede

(2001), Aaberge et a. (2002), Ruiz-Castello (2004), and Ayala and Sastre (2004).



utility function that is common to al individuas. The common intertempora utility function is to be
determined by the socia planner, and can be viewed as a normative standard where individuals are
treated symmetrically.?

Provided that the instantaneous utility term of the intertemporal utility function belongs to the much
used Bergson family, our permanent income measure proves to be equa to the utility-equivalent
annuity introduced by Nordhaus (1973). Nordhaus (1973) and Creedy (1999) express, however,
concerns about the sengitivity of distributional analysis based on the utility-equivalent annuity measure
to the choice of preference parameters. As will be demongtrated below, their concern is uncalled for
because the utility-equivalent annuity proves to be the product of two terms; one that is afunction of
the income stream and another that is a function of the preference parameters. Since the latter term is
common to al individuals, measures of inequality and mobility will (due to scae-invariance) solely
depend on the income stream term. This result provides a theoretical underpinning to using the annuity
of an individual’s income stream as a measure of permanent income in studies of long-term inequality

and mobility.

While the first aggregation step maps the income stream of each individua into a measure of
permanent income, the purpose of the second step is to aggregate permanent incomes across
individuals into measures of long-term income inequality, socia welfare and income mobility, when
the state of immobility is defined as no changes over time in individuals ranks in the short term
distributions of income. This calls for measures of mobility that are derived from rank-dependent
measures of inequality of the type introduced by Mehran (1976) and Y aari (1988). The Mehran-Y aari
family of rank-dependent measures of inequality can be considered as a weighted sum of income
shares where the weights depend on population shares but not on the income shares. To illustrate the
shortcoming of these inequdity measures, consider a population divided into a group of poor and a
group of rich, where each individual’s income is equal to the corresponding group mean. Applying the
MehranY aari family of inequality measures, the inequality reduction of an income transfer from the
rich to the poor will depend solely on relative number of poor people, irrespective of their share of
total income. To account for the impact of population shares aswell as income shares, we introduce a
more general family of rank-dependent measures of inequality which is justified to represent an
ordering relation on the set of Lorenz curves. Due to their convenient expressions, it is
straightforward to estimate these inequality measures, which supplement each other with regard to
sengitivity to changes in the lower, the centra and the upper part of the income distribution. A
subfamily of this generalized family of rank-dependent measures of inequality is shown to be

% The use of a common utility function is well-established in the public economic literature and has e.g. been proposed by

Deaton and Muellbauer (1980) and Hammond (1991). It also forms the basis for the definition and measurement of a
money -metric measure of utility in for example King (1983) and Aaberge et a. (2004).



associated with socid welfare functions that prove to have intuitively appealing interpretations.
Further, the new general family of inequality measures provides several dternative ingtructive
interpretations of the Gini coefficient.

Finally, we introduce a new family of rank-dependent measures of income mobility that rely on (i) the
introduced measure of permanent income, and (ii) the genera family of rank-dependent measures of
income inequality. On this basis, income mobility is defined as the reduction in inequality in the
distribution of permanent income due to changes over timein individuals' ranks and income shares in
the short term distributions of income. Mability will have an unambiguoudly positive impact on social
welfare in the sense that if two societies have identical short term income distributions, then socia
welfare will be greatest for the society which exhibits most mobility. The proposed family of rank-
dependent measures of income mobility aso proves to encompass standard measures of income
mobility, depending on the assumptions made by the socia planner about the intertemporal
preferences of individuals and the credit market.

Section 2 proceeds by describing the method for aggregating the income streams of individuas into
comparable measures of permanent income. Section 3 deds with the problem of aggregating
permanent incomes across individuals into measures of long-term inequality and social welfare.
Section 4 introduces a new family of rank-dependent measures of income mobility, whereas Section 5
summarizes the main results of the paper and relates them to aternative approaches to measuring long-
term inequality and income mobility.

2. Definition and measur ement of per manent income

Beow, we propose a method for measuring permanent income that conforms to the basic structure of
intertempora choice theory, and justifies comparison of permanent incomes across individuas. First,
we consider the case of a perfect credit market, before extending the method to account for credit

market imperfections.

2.1. Perfect credit market

2.1.1. Equally allocated equivalent income

In analysis of long-term income inequality and mobility, the problem of interpersonal comparability of
income streams arises. To get round this problem, we employ a utility function that is common to all
individuals. The common utility function is to be determined by the social planner based on his ethical
value judgement, and contains within it interpersonal comparability of both welfare levels and welfare

differences. Rather than claiming that the common utility function is a descriptively accurate



representation of the behaviour of heterogeneous individuals, it is justified as a normative standard
where the socia planner treats individuals symmetrically after adjusting for relevant non-income
heterogeneity, such as employing equivalence scales o adjust for household size and composition.

Specificaly, our permanent income measure is defined as

the minimum annual expenditure an individual would need in order to be as well off as he
could be by undertaking inter-period income transfers according to a common intertemporal

utility function subject to his budget constraints

To provide a forma counterpart to this definition, the social planner is assumed to employ the
conventional discounted utility model with perfect foresight, where preferences ae intertempora
separable and additive. The instantaneous common utility function u is assumed to be stationary,
increasing, concave, and differentiable. Furthermore, we assume that the rate of time preference d is
non-negative and constant over time. Let (C,G,,..,Cy) and (Y4,Y>,..,Yr) be an individud’s stream of
consumption levels and exogenous real disposable incomes net of interests for an individual. Under
the assumption of a perfect credit market, the real interest rates on savings and borrowing are equal
across the population, though they may vary over time. Let r, denote the real interest rates on income-
transfers from period t-1 to t. From the viewpoint of the social planner, the individua’s preferred
consumption profile (C,", C,’,..., C1) is defined as the solution of

:
2.1) U= max g u(C)L+d)""
CrnGir 4

subject to the budget constraint®

T L T ;I;
(2.2) ac O+ )+C, =aY.O@+r)+Y,.
t=1 j=l+t t=1  j=l+

Asiswell known, the preferred consumption level in period t, Ct* , can be expressed as a function of

the preferred consumption level in period 1

4 See Koopmans (1960) for an attempt to axiomaticaly justify the discounted utility model in general, and Kahneman et al.
(1997) for an axiomatic rationalisation of the assumption of additive separability in instantaneous utility. Asiswell known,
the discounted utility model can straightforwardly be extended to allow for uncertainty.

®Itis straightforward to extent the budget constraint to account for wealth, e.g. by assuming that the income in the first
period Yy in (2.2) includes the initial stock of wealth.



(2.3) u€c;) :9+—‘wua{c§), t=23...,T.

Oa+rn)

j=2
From (2.3) and (2.2), Ct* can be expressed asafunction f; of d, Y1,Ys,.., Yy, and r,13,..,r
(2.4) C, = f,(d,Y,,Y, Yy Ty Ty, Ip ) fOral =1, 2, .. T.

Inter-period income transfers are carried out to ensure that the marginal utility of consumption is
constant over time, which generaly will result in preferred consumption levels that differ between
time periods. By inserting for (2.4) in (2.1) the maximum utility level (U) is given by

@9 U° §uC)a+dy .

t=1

As suggested above the minimum annual expenditure (2) that an individual requires to obtain the

maximum utility level U emerges as an appropriate representation of permanent income. Replacing the

preferred Ct* with Z for every t in the second term of equation (2.5) yields
(2.6) Z=u'(D'),

where u*(t) =inf{x:u(x) 3 t} istheleft inverse of u and ?is defined by

(2.7) D:é (L+d)" :¥(1- (1+d)'T).

t=1

The minimum annua expenditure Z will be denoted the equally allocated equivaent income (EAEI).
Since the individual-specific EAEIs can be considered to be interpersonal comparable money-metric
measures of the maximum utility levels, the distribution of the Zs forms the basis for studying long-
term inequality and income mobility.

Note that the EAEI can be considered as an analogous to the certainty equivalent in the theory of
choice under uncertainty and the equally distributed equivalent income in analyses of income
inequality (see Atkinson, 1970). While the equally distributed equivalent income represents a money-

metric measure of the socid welfare for a given distribution of income across individuas, the EAEI



represents a money-metric measure of the well-being level associated with the income stream for a
given individual. Thus, the socia planner considers the income stream (Y, Yi,,..,Yi7) of individua i to
be preferable to the income stream (Y1, Yj,.., Yj7) of individualj if and only if Z exceeds Z.

2.1.2. Annuity as a measure of permanent income
A benchmark case in intertemporal choice theory uses the annuity (A) of the income stream as

measure of permanent income (see e.g. Meghir, 2004). The annuity income is defined by

w1OL
Y, +a v Ow+r)
t=1  j=l#

2.8) A=

Bl L !
1+a OQ@+r)

t=1 j=1+t

when T isthe basis for the annuity calculations. When r, =r, =xx=r. =d , it follows directly that the

EAEI coincides with the annuity income,

]
a (1+d)"'y,
(2.9) Z=A=tL

o

a(l+d)”
t=1

Thus, it is clear that A is an appropriate measure of permanent income insofar it is reasonable for the
socia planner to assume that the real interest rates are constant over time and equal to the rate of time
preferences. The behavioural counterpart is that individuals prefer to carry out equalizing income
transfers to achieve a constant consumption level over time. Accordingly, it is apparently required to
impose rather restrictive conditions to justify the use of the annuity as a measure of permanent income
in analysis of long-term income inequality and income mobility.

An interesting question is whether A defined by (2.8) remains valid as a measure of comparable
permanent income in analysis of long-term inequality and mobility even in cases where the condition
of equal consumption levels over time is abandoned. To address this question, we replace the
assumption of r, =r, =x=r. =d implying constant consumption over time, with the less restrictive

assumption of consumption proportionality,
(2.10) C =qC;,t=1,2,3,..., T,

where q, is defined implicitly by



d t-1
(211) oa)= )
J'Ez(l+ fi )

=23, ...T,

g(x)=u€¢x) and q =1. In this case, the ratio between the optimal consumption levels for two

arbitrarily chosen periods depends on the instantaneous utility function u, the rate of time preferenced,
and the redl interest rates (r»r3,...,rt) but not on the income stream (Y4, Y>,..,Yr). As demonstrated by
Theorem 2.1 below, the consumption profile (2.10) is optimal if and only if the utility function is a
member of the Bergson family, which is a much used specification of the instantaneous utility function

in intertemporal choice theory (Davies and Shorrocks, 2000).

Theorem 2.1. Let (C,,C,,...Cr) be the vector of optimal consumption levels for periods 1,2,...T
defined by (2.3) whereutis the derivative of the instantaneous utility function u, d is the rate of time
preferencesand r,,rs,... rrarethereal interest rates, and let g be defined by (2.11). Then
(i) C, =qC, fort=123,..,T
if and only if
the instantaneous utility function u is a member of the Bergson family
i

11 e -
(ii) =it D ifetd

{Iogx if e=1,

where e* isthe intertemporal easticity of substitution.

Proof. Assume that C; =q,C; where g, is defined by (2.11). Now, inserting for (2.10) and (2.11) in

(2.3) we obtain the following functiona egquation
9(qC;)=9(q)g(C;) forallg and C,
which has the solution (see Aczél, 1966) g ° 0 or 1, or there exists areal number e * such that

u¢x)=g(x)=x¢e.



Hence, (i) implies (ii).
The converse statement follows by inserting (i) in (2.3). U

Remark. The result given in Theorem 2.1 is analogous to a consumer behaviour result of Burk

(1936), where it is demonstrated that demand functions exhibit expenditure proportionality if and only
if the utility function belongs to the Bergson family (ii). However, whilst the proof above is rather

simple and solely requires the solution of a well-known functional equation, the proof given by Burk is
more complex and requires the solution of a set of differential equations®

As will be demonstrated below, the result of Theorem 2.1 proves useful for identifying the relationship

between A defined by (2.8) and Z defined by (2.6). To this end, it is convenient to introduce the
notation a, defined by

IS
1+Qq O(1+r].)

(2.12) 8 == ‘}i"z“l 9, t=1,2,...T,
[o]
asO (1+r)+0;
t=1 j=t+1

and k(e d ) defined by”

=

|

ISR are(ed g

2= u whene ! 1
(213) ked)=le P

18 9!

: I ()t

IO a D whene =1,

|

,_,
1l
[y

where ?isdefined by (2.7).

® See also Samuelson (1965). Moreover, Pratt (1964) demonstrates that an economic agent who acts in accordance with the

criterion of expected utility when he makes decisions under risk exhibits constant relative risk aversion if and only if the
utility function is a member of the Bergson family.

! For convenience the dependence of k onr,rs,...,r1 is suppressed in the notation for k.



Theorem 2.2. Let (C,'.C,,...Cr) be the vector of optimal consumption levels for periods 1,2,...,T
defined by (2.4) whereudis the derivative of the instantaneous utility function u, d is the rate of time

preferences and r,,r5,...,I+ are thereal interest rates. Moreover, let Z, A, g and k(e d )be defined by
(2.6), (2.8), (2.11) and (2.13). Then

(i) C, =qC, fort=123,..,T
implies
(ii) Z = ke d)A.

Proof. By insarting for C; =q,C; in equation (2.2) we get

B A
Y, +av.0 {+r)
(2.14) C, = = L .
a g O@+r)+o

t=1 j=t+l

Next, inserting for (2.8), (2.12) and (2.14) in C; =q,C, yidds

(2.15) C, =aA for t=1,23..T.

Moreover, when (2.15) is true then it follows from Theorem 2.1 that the instantaneous utility function
u is given by (ii) of Theorem 2.1. By inserting (2.15) and specification (ii) of Theorem 2.1 for u in
equation (2.5) we get

.i. l 9 1-e g 1-e 1-t l:J
i—aA " Qaa (1+d)" - Dgwhene! 1
~_1l-eg t=1 a
(2.16) U=j .
T .
¥DlogA+é1(l+d)“Iogq whene =1.
t=

Now, inserting for (2.16) and the inverse of the Bergson utility function u (defined by (ii) of Theorem
2.1) in (2.6) yields



(2.17) Z =k(e d)A. i

Note that the EAEI coincides with the utility-equivalent annuity measure introduced by Nordhaus
(1973), provided the instantaneous utility function is of the Bergson type. Nordhaus (1973) as well
Creedy (1999) express concerns about the sensitivity of the analysis of distributional analysis based on
utility-equivalent annuity measures to the choice of values for e and d. However, it follows from
Theorem 2.2 that scale-invariant measures of long-term inequality based on the utility-equivalent
annuity measure is independent of e and d and solely depend on A. This result provides a theoretical
underpinning to using the annuity of an individual’s income stream as a measure of permanent income
in studies of long-term inequality and mobility, even when the real interest rates differ from the rate of
time preferences.

2.2. Credit marked imperfections

When interest rates on borrowing and savings differ then (2.2) is no longer a valid representation of
the budget constraints. Consequently, the preferred consumption levels defined as the solution to (2.1)
and (2.2) will in this case not form an appropriate basis for defining and measuring the EAEI.

Formally, we can apply the Kuhn-Tucker method to derive the conditional and preferred consumption
profiles in the case of imperfect credit markets. For simplicity, assume that each individua is faced
with a single borrowing interest rate and a single savings interest rate (but different individuals may
face different interest rates on borrowing and/or savings). If there are no liquidity constraints, the

preferred consumption profile (C;, C,,...,C; ) is defined as the solution of (2.1) subject to the budget

constraints

520
(218) S =(1+rg)S,+Y.- G,
S =(1+rg)S. +Y - C =0

where § represents the assets at the end of period t earning an interest rate rg,,, , and

ir if 30
(2.19) rg, =i 3 R

l _ ~l<rg <¥, t=23..T,
irb, if §., <0

10



where rs and rb; denote the saving and borrowing rates. Solving this maximization problem requires
comparison of 3™ conditional consumption profiles for each individua. The consumption profiles are
digtinctive in terms of whether individual i in the various periods is considered to be a saver, a
borrower, or locate at the kink and thereby consume al his assets. Each of these conditiona
consumption profiles is a candidate for the individua’s preferred consumption profile provided that
the budget constraints are satisfied for the given values of Y; and rg, . The optimal consumption profile
is determined as the utility maximising choice among the conditional consumption profiles satisfying
thelr respective budget constraints. By inserting the consumption levels of the optimal consumption
profiles into (2.5), the corresponding Z is obtained from (2.6).

Presence of liquidity constraints will reduce the number of available conditional consumption profiles

that have to be compared. For example, the case where lorrowing in each period is prohibited
corresponds to reducing the number of conditional consumption profiles to those satisfying S, 2 0.

Thus, deriving EAEI subject to liquidity constraints is straightforward and can be considered as a
specia case of the method outlined above.

3. Generalized rank-dependent measur es of income inequality

This section discusses how to aggregate permanent incomes across individuals into measures of
income inequality and social welfare, when the state of immobility is defined as no changes over time
in individuals' ranks in the short term distributions of income. This calls for rank-dependent measures
of inequality that can be justified to represent preference orderings over Lorenz curves. By displaying
the deviation in each individua’s income share from the income share that corresponds to perfect
equality, the Lorenz curve captures the essential descriptive features of the concept of inequality. The

normative aspect of ranking Lorenz curves will be discussed below.

3.1. Two alternative families of rank-dependent measures of
inequality

Let L denote the family of Lorenz curves, and let a socia planner’s ranking of members of L (or the

family of income distributions F) be represented by a preference ordering >. Given suitable
continuity and dominance assumptions for the ordering > , Aaberge (2001) demonstrated that the

following axiom,

Axiom A (Independence). Let Ly, L, and L; be membersof L and let a1[0,1]. Then L,>L, implies
al,+(-a)L, zal, +(-a)L,

11



characterizes the rank-dependent family of inequality measures J , defined by 8

(3.1 J,(L)=1+ -(w)dp(u) ,

where L is the Lorenz curve and p with p(2) =0 is a positive and non-increasing function defined on

the unit interval such that c‘p(u)du =1.° Note that p can be interpreted as a preference function of a
social planner that assigns weights to the incomes of the individuals in accordance with their rank in
the income distribution. Therefore, the functional form of p revedls the attitude towards inequality of a

socid planner who employs J , t0judge between Lorenz curves.

The welfare economic justification for the family of rank-dependent measures of inequality J o IS

analogous to the justification for Atkinson’s expected utility type of inequality measures. The essentia
differences between these two approaches for messuring inequality and social welfare arise from the
independence axioms. Whilst the expected utility independence axiom requires that the ordering of
distributions of individual welfare is invariant with respect to identical mixing of the distributions
being compared, the rank-dependent independence axiom requires that the ordering is invariant with
respect to identical mixing of the inverses of the distributions (or identical mixing of Lorenz curves)
being compared. For further discussion, see Yaari (1988) and Aaberge (2001).

As suggested above, the J ,-Measures can be viewed as a sum of weighted income shares where the

weights depend on population shares but not on the income shares. Aaberge (2001) shows that a

family of inequality measures J q with weights that depend on income shares but not on population

shares are obtained by replacing Axiom A with

Axiom B (Dual independence). Let Ly, L, and Ls bemembersof L and let a1[0,1]. Then L, - L,
implies (a !+ (1- a) L) " =(a L +@- a)L!) ™

8 Mehran (1976) introduced an alternative version of (3.1) based on descriptive arguments. For aternative motivations of the
Je-family and various subfamilies we refer to Donaldson and Weymark (1980, 1983), Weymark (1981), Yitzhaki (1983),
Ben Porath and Gilboa (1994), and Aaberge (2000, 2007).

1

® Note that Y aari (1987, 1988) provides an axiomatic justification for using é)(u)F' 1(u)d u=ml1- jp(L)) asacriterion for

0
ranking distribution functions F.



Thefamily J; is defined by

(3.2 Jo(L)=1- E‘ﬂ(L(u))du,

where g withq(0) =0is a positive and non-decreasing function defined on the unit interval such that
c‘g(t)dt =1. As can be observed from (3.2), the weights of J; depend on Lorenz curve values
(income shares).

By choosing p(u) = 2(1- u)for J ,and q(t)=2t for J; it follows directly from (3.1) and
(3.2) that the Gini coefficient is a member of jp aswell as of J; . Note that the Gini coefficient is the

only measure of inequality that is a member of both J , andJ q . Moreover, by choosing appropriate

specifications for p and g we can derive alternatives to the Gini coefficient (see Aaberge, 2000, 2001).

3.2. A new general family of rank-dependent measures of inequality

Consider a population divided into a group of poor and a group of rich where each individua's income
is equal to the corresponding group mean. In this case, the effect on J , -Mmeasures of increasing the
income share of the poor depends solely on the relative number of poor irrespective of their share of

income, while asimilar effect on J q -measures depends both on the poor's share of the population and
their incomes. By contragt, the effect on J; -measures of an increase in the relative number of poor

depend merely on the poor's share of the incomes, whereas the effect onJ , -Measures depend on the

proportion of poor as well as on their income share. Thus, it might be attractive to construct a family

of inequality measures that combines the basic features of the families jp and J;. To thisend, it is

required to introduce an axiom that can be considered as a generalization of Axiom A as well as of
Axiom B.

An intuitively appealing axiom introduced by Green and Jullien (1988) to resolving several paradoxes
in the theory of choice under uncertainty,'® appears equally attractive for describing preferences for the
ranking of Lorenz curves, not least since this axiom can be considered as a weakening of Axioms A
and B. Anaogous to what Green and Jullien (1988) proved for rank-dependent expected utility, we get
that

1% For aternative axiomatizations of rank-dependent expected utility, see Yaari (1987), Chew and Epstein (1989), Segd
(1990), and Wakker (1994).

13



Axiom C. (Ordina independence). Let L, L,, Lz and L, be members of L and let al [0,1]. If for every
ufa L, (u)=L,(u) and L,(u) = L,(u) andfor everyus a L, (u) =L,(u) and L, (u) =L, (u),
then L >L, ifand only if L,>~L,

characterizes a family of inequality measures that includes the following family of rank-dependent

inequality measures J ,, defined by

(3.3 Joq(L)=1-acp(L(u))dp(u)

where p is a positive and non-increasing function defined on the unit interval, p(1) =0, q isapositive

and non-decreasing function defined on the unit interval, q(0)=0 and a is chosen such
thatacyl(u)dp(u) =1. Thus, J,, can be considered as a generalization of the families J , and J; that

alows for weights depending on the magnitudes of income share as well as on their rank in the

distribution of income.

Figure 1. lllustration of the ordinal independence axiom

L(u)
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Figure 1 provides an illustration of the ordina independence axiom, where L;(u) = Ly(u) and Ls(u) =
L4(u) foru =a, while L;(u) = Ls(u) and L,(u) = L4(u) for u = a. The ordina independence axiom states
that L, >~L, if and only if L,>L,. To clarify the interpretation of the ordinal independence axiom,

Figure 1 draws an example where two Lorenz curves L; and L; differ below an intersection point a and
coincides above a. Consider a policy change that transfer income from the least rich to the most rich
among the 100(1-a) per cent richest of the population of L; and L3, such that L; equals L; and L, equals
L4, after the intervention. Then, Axiom C states that the changesin L; and L; that follow from this
intervention will not affect the ranking of the Lorenz curves, irrespective of how incomes are
distributed among the poorest 100a percent. This means that a socid planner who is in favour of
employing genera criteria of upward or downward Lorenz dominance will aways act in accordance

with the ordinal independence axiom.™*

As is generally acknowledged, measures of inequaity are required to satisfy the Pigou-Dalton
principle of transfers, which states that an income transfer from aricher to a poorer individual reduces
income inequality, provided that their rank in the income distribution are unchanged. As is stated in
Theorem 3.1 below, the Pigou-Daton principle of transfers is equivalent to the condition of
dominating non-intersecting Lorenz curves. A socia planner who prefers the dominating one of non-
intersecting Lorenz curves favours transfers of incomes which reduce the dfferences between the
income shares of the donor and the recipient, and is therefore said to be inequality averse.

Definition 3.1 A Lorenz curve L, is said tofirst-degree dominate a Lorenz curve L, if
L, (u)® L,(u) for all ul [0,1]

and the inequality holds strictly for some ul (0,1).

Theorem 3.1. (Fields and Fel (1978), Yaari (1988) and Aaberge (2001)). Let Ly and L, be Lorenz
curves. Then the following statements are equivalent,

0] L, first-degree dominates L,

(i) L, can be obtained from L, by a sequence of Pigou-Dalton progressive transfers

(i) J,(L)£J,(L,) for all positive non-increasing p

(iv)  J (L) £J,(L,) forall positive non-decreasingq

Ywe refer to Aaberge (2009) for a definition of two separate (upward and downward) nested sequences of Lorenz
dominance criteria.
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We refer to Fields and Fei (1978) for a proof of the equivalence between (i) and (ii),"* Yaari (1988) for
a proof of the equivalence between (i) and (iii), and Aaberge (2001) for a proof of the equivalence
between (i) and (iv).

It follows from Theorem 3.1 that inequality aversion for jp-measures andJ;-measureﬁ are

characterized by positive non-increasing p-functions and positive non-decreasing g-functions. As

demonstrated by Theorem 3.2, J,, is consistent with inequality averse social preferences if and only

if p is positive non-increasing and g is positive non-decreasing.

Theorem 3.2. Let L; and L, be Lorenz curves. Then the following statements are equivalent,
() L, first-degree dominates L,
(i) L, can be obtained from L, by a sequence of Pigou-Dalton progressive transfers

(i)  J,,(L)£3,,(L,) for all positive non-increasing p and positive non-decreasing ¢

Proof. Since the equivalence of (i) and (ii) follows from Theorem 3.1 it remains to prove that (i) and

(iii) are equivalent conditions. If condition (i) holds then

(34) Jpa(Le)- Jpq(L) =adda(L (W) - (L (u)]dp(u)® 0

for al positive and non-decreasing g and all positive and non-increasing p since a is negative when p
iS non-increasing.

To prove the converse statement we assume that (3.4) is satisfied for positive non-increasing p and
positive non-decreasing g. By applying Lemma 1 given in the Appendix we then get that

a(L(u)? a(L,(u) foral ul [01],
which implies that L,(u) 3 L,(u) fordl ul [0,1]. i
By relying on (3.3) rather than on (3.1) or (3.2), we get measures of inequality that combine the

festures captured byJ, and J;. For example, by choosing p;,(u)=1-u*, q;(H)=t' ad

a=-(j+k)/k in(3.3) we obtain the following subfamily J,, of inequality measures,

12 see Rothschild and Stiglitz (1973) for a proof of the equivalence between (i) and (ii) in the case where the rank-preserving
condition is abandoned in the definition of the Pigou-Dalton principle of transfers.
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(35) Jy(L)=1+ é‘)u' (ud(1- u) =1- (j +k)é‘)Jk'1Lj (udu, j,k=12,..

Note that the J, ;, -measures defined by (3.5) are more sensitive to changes that occur at the central
and upper part than at the lower part of the income distribution (and the Lorenz curve). Moreover, the
senditivity of J,;, to changes that occur in the upper part of the income distribution increases with
increasing j and/or k. By contrast, J,,-measures that places greater relative weight on changes that
occur a the lower part of the income didtribution are obtained by choosing the following

specifications™ pyy (U) = (- u)*, q,;(t)=1-(1-t)) and a=-(j+k)/j in(3.3), whichyields

_a Atk
‘]Z,j,k(L)_1+ J Cgl'

0

(2 L) Wd(1- u)* =

(36)
(j+kk

l .
O 1 ) 0 L) - 5, k=12,
0

The sengitivity of J,;, to changes that occur in the lower part of the income distribution increases

with increasing j and/or K. It follows from Theorem 3.2 that the J,;  -measures as well asthe J, ;-

measures satisfy the Pigou-Dalton principle of transfers.

Assumethat Z ~ F . By inserting for

E(z|z£FY(w) L)

(37 EZ u
and
as E(zfz> F) 11w

EZ 1-u

in (3.5) and (3.6), respectively, we get the following alternative expressionsfor J,;, and J, ;,

13 Note that the choice pu)=@2- u)k in (3.1) corresponds to the extended Gini family of inequality measures introduced by
Donaldson and Weymark (1980).
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Jx(L)=g1- eTU de (2) =
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(39)
N j
el & 2|z £ max(z,,Z,... ,zj+k)3§, k=12,
i EZ I
and
k¥'aeE(z |22 z) ok
3, W(L)=2 T—-lyd( (1- F(2)™) =
j of 17} b
(3.10)
\ , \j .
€E(z|z3 min(Z,Z,....2,., )| §
EIE g (2.2, ’k)) -1y, jk=12..,
iy & Bz b
1 € B p

where Z,,Z,,..., Z,,, isarandom sample from F.

Note that the integrand of the first term of expression (3.9) is equal to the relative difference between
the overall mean income raised by j and the average income raised by j of those units with income

lower than the richest as we move up the distribution F. Thus, the J, ;  -measureis equal to the mean
of these gaps. Alternatively, by relying on the second term of expression (3.9) we see that the J, ; , -

measure can be interpreted as the average of relative gaps between the overall mean raised by j and the
average income raised by j of those units with income lower than the maximum income of a random

sample of sizej+k drawn from F. The average of these gaps is obtained by drawing a set of samples,
each of sizej+k and compute the relative gaps for each of them. For agiven j and k the J, ; , -measure
is equal to the average of these relative gaps. Similarly, we see from expression (3.10) that the J, ;-

measure is determined by the relative difference between the average income raised by | of those
income units with incomes higher than the minimum income of a sample of size j+k drawn from F

and the overall mean income raised by j. Thus, roughly spoken J,;, and J,;, show to what extent

the overall mean are affected when respectively the largest and the smallest incomes are removed from
the income distribution.
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3.3. Mean normalized measures of inequality

Most measures of inequality are, asthe Gini coefficient, normalized with respect to the mean, whereas

the J,; , -measures and the J,;, -measures are normalized with respect to the mean raised by j. As

will be demonstrated in Section 3.4, mean normalized versions of J,;, and J,;, can be used to

define socia welfare functions that proves useful for deriving measures of income mobility. Mean

normalized versionsof J,;, and J,;, are obtained from the following transformation
1

(3.11) Ii,j,k(L) =1- bh (1- Ji,j,k(L)) =1- bh (ami,j (L(u))dp , (u)),
0

where h(® is a monotonous function defined on [0* and b is chosen such that

bh (acp ; (u)dp , (u)) =1. Convenient mean normalized versionsof J, ;, and J,;, are obtained by
choosing h,(t) = h,(t) =t"/, which yields

a1
[Eéé.E(Z|Z £ max(Z,,Z,.... zi+k))g’]j

(3.12) Ik (L) =1- = i k=12,...

and

1

x -
G}EgE(z‘zs min(zi,zz,...,z,.+k))g§' :
(313) |2,,,k(L)=T§' = i 1: i k=12,..

& 0
It follows from (3.11) that there is one to one correspondence between |, and J; ; , , which means
that I, , and J;; , produce identical rankings of Lorenz curves and that Theorem 3.2 also is valid for

the mean normalized |, ; , -measures. It is aso evident that by increasing k, 1, , becomes more

sengitive to changes in the upper part of the income distribution, as fewer high incomes are removed
from the income distribution. If we increasej, 1, places even more weight on such changes, because
the average income lower than the maximum income of the random sample of size j+k israised by j.
By the same token, the sensitivity of I,,  to changes in the lower part of the income distribution

increases with increasing j and/or k.
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Note that (3.12) and (3.13) for j=k=1 provide two new daternative interpretations of the Gini

coefficient. Moreover, the average of 1, and 1,,, provides the following third alternative

interpretation of the Gini coefficient,

} EE(Z]Z* min(Z,,2,))- EE(Z|Z £ max(Z,,Z,))

(3.14) G=1
25

TE

Table 1 provides estimates of the Gini-coefficient, according to (3.12), (3.13) and (3.14), respectively.
The data is generated from a uniform distribution with incomes ranging from 0 to 1000. This
smulation example illustrates that it is straightforward to implement the proposed family of rank-
dependent inequality measures. It is also evident that the estimates come closer to the true value of the
Gini-coefficient of one third, as we increase the number of draws.

Table 1. Alternative estimates of the Gini-coefficient

E[Z|z< E[Z|zZ= G G G
Income draw: (Z1, Z) max(Z,,Z,)] min(Zy,Z;)] From(3.12) from (3.13) from (3.14)
(914, 760) 914 1.764 .086 .764 425
(620, 354) 626 1.352 374 352 363
(899, 636) 901 1.642 .099 642 370
(423, 78) 425 1.077 575 077 326
(848, 497) .849 1.498 151 498 324
(346, 129) 345 1.129 .655 129 392
(316, 243) 317 1.242 683 242 463
(287, 252) 290 1.253 .710 253 481
(254, 96) 257 1.095 743 .095 418
(955, 713) .956 1717 044 717 381
Estimate of the Gini-coefficient (10 income draws) 412 377 394
Estimate of the Gini-coefficient (100 income draws) 330 .358 344

Note: Theincome datais generated from random draws of 1000 observations from auniform distribution defined over the interval [0, 1000].
Column 1 shows the realizations from random draws of two incomes. Column 2 computes the average income of the observat ions with
income lower than the maximum of this pair of incomes. Column 3 computes the average income of the observations with income higher
than the minimum of this pair of incomes. The first ten rows of column 4-6 compute the Gini-coefficient by each pair of income draws,
according to (3.12), (3.13) and (3.14), respectively. Thelast two rows provide estimates of the Gini-coefficient for 10 and 100 pair of income
draws, according to (3.12), (3.13) and (3.14), respectively.

Asis evident from (3.14) , the Gini coefficient can be considered as a “tail-symmetric” measure of
inequality. Moreover, expression (3.12) might be used to judtify the standard claim (see Atkinson,
1970) that the Gini coefficient is more sensitive to changes that take place in the central part of the
distribution than at the tails. It should be noted, however, that this property is, as demonstrated by
Aaberge (2000), true only for unimodal distributions that are neither strongly skew to the left or to the
right, provided that transfers sensitivity is defined according to Kolm's (1976) principle of diminishing
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transfers. Alternative “tail-symmetric” measures of inequality to the Gini coefficient are given by the

averageof 1., and I, defined by

N

({EE(Z|Z° MiNZy,Zy Zy W+ - {EEE(Z|Z Emax(Z, Z0e Zy ]
15 sﬁi%{ €| Ji} - {ee) i)

21 EZ

i
|

1
k

x|

peomia

k=1, 2,...

Thus, {S,:k=1,2..} can be considered as a tails-sensitive family of generalized Gini inequality
measures where the tails-concern increases with increasing k. Roughly spoken, the S inequality
measures display the relative difference in k-order conditional means when respectively the lowest and

the highest incomes are removed from the population.

3.4. Inequality and social welfare

Theoretically based measures of social welfare that admits a decomposition with respect to average
income (or average individual welfare) and inequality are considered particular attractive since they
offer an explicit treatment of the trade-off between “the size and the distribution of the cake’. As
demonstrated by Y aari (1988), members of the family of rank-dependent inequality measures (3.1) are
associated with the following socia welfare functions

(3.16) W, = p(u)F *u)du=m1- J (L)),
0

where pand L are the mean and the Lorenz curve of F.

Note that the normative justification of (3.16) can be made in terms of a theory for ranking the
distribution functions (F), as proposed by Yaari (1987), or by considering the last term of (3.16) as a
vaue judgement of the trade-off between the mean and (in)equality in deriving socia welfare

functions, as proposed by Ebert (1987). A meartindependent ordering of income distributions in terms

of inequality, i.e. an ordering of Lorenz curves, forms the basis of Ebert’s approach.'* Since I, and
I, can be considered as alternative representations of Lorenz curve orderings (similar as J,;, and

J, x),» We can use Ebert’ sapproach as a basis for introducing the following socia welfare functions

14 See Aaberge (2001) for atheory of ranking Lorenz curves.
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o2
(317 W, =EZ(1- |1,j,k(L)):i EE(z]z £max(zl,zz,...,zj+k))g’ %}‘ k=12,

and

o1
j

. | o
—E2- T%lEée.E(Z‘zs m|n(zl,zz,...,zj+k))g§ ,

(318 W, =EZ(1-1,,,(1)= K*]

ik=12,..

Note that W, ; , £m and that W, ; , = m if and only if the incomes are equally distributed. Thus, Wi ;

can be interpreted as the equally distributed equivalent income and the product (EZ)I;;, (L) asa

measure of the lossin socia welfare due to inequality in the distribution of permanent income.

4. Rank-dependent measur es of income mobility based on

per manent incomes

This section introduces a family of measures of income mobility that rely on (i) the permanent income
measure introduced in Section 2, and (ii) the generalized family of rank-dependent measures of
income inequality introduced in Section 3. In the general case, we alow for individuatspecific interest
rates on borrowing and saving as well as for liquidity constraints in determining the permanent
income. Thus, our measure of permanent income incorporates the cost of making inter-period income
transfers, and hence account for the welfare loss that may be associated with income fluctuations.
Consequently, high mobility will be, everything else equal, drictly socially preferable. The
encompassing nature of the proposed family of generalized rank-dependent measures of income
mobility is directly linked to the aternative specifications of the credit marked and the intertemporal
preference structure.

4.1. A generalized family of rank-dependent measures of income
mobility
Let Lzand L, be the Lorenz curves for the distribution of the observed permanent income Z and the

distribution of the hypothetical reference permanent income Z, when there is no mobility. The latter
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distribution is formed by assigning the lowest income in every period to the poorest individua in the
first period, the second lowest to the second poorest, and so on. Accordingly, the design of the

distribution of Z_, does not alter the marginal period-specific distributions. Since L, can be attained
from L,_by asequence of period-specific Pigou-Dalton income transfers we have that L, (u)® L, (u)
for alul [0,1], and moreover thatL, (u) =L z, (U) foral uif and only if Zis equa to Z,. Accordingly,
L,(u) - L (u) can be used to analyse income mobility. However, in order to quantify the degree of

mobility underlying a distribution of permanent incomes defined over a given period it is necessary to
introduce summary measures of mobility. SinceJ,, defined by (3.3) for all postive and non
increasing p and all positive and non-decreasing q preserves first-degree Lorenz dominance, it appears

atractive to use this family of generalized rank-dependent measures of inequality as a basis for
defining the following family of rank-dependent measures of mobility

Jpallz) - Jpq(L)
Joalle)

4.1 M, (L) =

It is straightforward to verify that 0 = M = 1, with gtrict equaity if and only if the distribution of
permanent income Z is equal to the distribution of the reference permanent income Zz. Thus, the state
of no mobility is defined to occur when the individuas positions in the short-term income
distributions are constant over time. Mobility is measured as relative reduction of the inequality in the
distribution of permanent income for a given period due to changes in the individuals positions and
incomes shares in the short-term distributions of income. By explicitly incorporating the cost of
making inter-period income transfers in M, and thus the welfare loss that may be associated with
income fluctuations, high mobility will be everything else equal strictly socialy preferable. Hence, we
accommodate the most common criticism measures of mobility as an equalizer of long-term income,
namely that high mobility may imply income instability for the individual which will matter for his or
her welfare if it is costly to transfer income. Note also that the measure of income mobility defined by
(4.1) dlows for individuatspecific interest rates on saving and borrowing as well as for liquidity

constraints.

4.2. Measuring income mobility based on average income

The method for measuring mobility defined by (4.1) can be considered as a generdization of the
standard measure of income mobility as an equalizer of long-term income, where the average red
income over a sequence of periods is used as a measure of permanent incomes. By assuming that the
rates of time preferences and the rea interest rates are equa to zero in each period, i.e
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r,=r,=x0=r.=d =0, we get that the equally allocated equivalent income Z is equa to the average

2

incomeY

(4.2) Z=Y= Y, .

1L Qo

1
Ta

Thus, using the average income as a measure of the equally alocated equivalent income means that

possible costs and benefits of receiving income at different times are disregarded.

Let m = EY, andm—a m . Since Ly(u)= a LY(u) when there is no mobility, the Mehran-Y aari

t=1

subfamily of rank-dependent measures of inequality admits the following decomposition

3
(4.3) Jo(Ly)= 6_1% p (L)

when the average income forms the basis for measuring inequality. In this case, we get the following

specia case for (4.1)

-J (LY)

(44) M, (Ly) =
)

% S
Mobility measures based on (4.4) may be interpreted as the relative reduction in inequality over the
extended accounting period of income due to changes in the period rankings (and incomes) of the
individuals over time, when it is assumed to be costless to make income-transfers across periods.
Consequently, analyses based on (4.4) run the risk of mixing the equalising effect of high mobility
with the loss of welfare from fluctuating income. Thus, high mobility, everything else equdl, is no
longer necessarily desirable from the perspective of the social planner.

4.3. Measuring income mobility based on annuity income

Making incomes from different periods comparable is not merely a question of accounting for changes
in the price of goods; it is also necessary to take the price of consumption into account. The price of
consumption depends on the red interest rates, which determine how much consumption an individual
must give up in the future for being able to consume more today. Thus, it appears more appropriate to
use the annuity value A defined by (2.8) rather than the average income as a basis for measuring
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income mobility. Let Az denote A in the case where the observed distribution of income streams are
replaced by the hypothetical reference distribution..

Replacing Z with Aand Zg with Ay in (4.1) yields

Jpa(ba) - Jpq(La)
J p.g (LAR )

(45) Mp,q(LA) =

Similarly as for the average income case, the following convenient expresson emerges for the

Mehran-Y aari family of mobility measures

& THR3,(L)- I, (L)
(4.6) Mp(LA): o M — ,
ta:iﬁh\] p(Lg)
where
I
O @+r)
(4.7) h=—3_" ,t=12,..T-1 br=1

T-1 1,
1+4 O @+r)

s=1 j=s+1

At first sight, it may seem like mobility analyses based on (4.5) and (4.6) relies on the controversia

assumption that the social planner sets the rate of time preferences equa to the rea interest rates.
However, as follows from Theorem 4.1 the mobility measureM,, ,(L,) proves to be independent of

the sociad planner’s choice of preference parameter values provided that the functiona form of the
instantaneous utility function in (2.5) is of the Bergson type.

Theorem 4.1. Let the permanent income Z be defined by (2.6) where the maximum utility level U is
given by (2.5) and the instantaneous utility function u is defined by

|1
0) u(x)={1-e
flogx if e=1.

(x"¢-1) ifet1l

Then

25



(“) Mp,q(LZ):Mp,q(LA)'

Proof. It follows from Theorems 2.1 and 2.2 that Z under the specification (i) in Theorem 4.1 for u is

givenby Z=k(e d)A. Since J,, is invariant with respect to scale transformations of the random

variable in question we havethat J,,,(Lz) =J,q(La) and Jpq(Lz, ) =3, 4(La) - U

Theorem 4.1 showsthat M, ,(L;) will beequal to M, ,(L,) when the instantaneous utility function

is of the Bergson type. This implies that the annuity income may form the basis for measuring
mobility, even if the rate of time preference differ from the real interest rates, and thus the preferred
consumption levels vary over time.

4.4. A social welfare approach for measuring mobility

Since m, =m,  whenZ = A, the annuity based mobility measure defined by (4.5) can be given the

following aternative expressions in terms of the social welfare functions defined by (3.17) and (3.18),
provided that the measurement of inequality is based on respectively (3.12) and (3.13) rather than on
(3.9) and (3.10),

L.oo(L)-1...(L) W., -WR
(4.8) M (La) = 1 lz) i) Wi WK i=1,2and j,k=1,2,...,
v L (Lzy) EZ- W

where Wﬁ-,k is the social welfare attained by the welfare function W, ; , when there is no income

mobility. The numerator of (4.8) provides a measure of the gain in social welfare due to income
mobility, whereas the denominator gives a measure of maximum attainable gain in socal welfare due

to income mobility when W, ; , is used as a measure of socia welfare. Thus, the sociad welfare

produced by the observed distribution F of permanent income Z admits the following decomposition,
(4.9) W :VVi,T,k +M;; (EZ - VVITK) ’

where the first term gives the level of socia welfare attained when there is no mobility and the second
term expresses the contribution to social welfare due to income mobility.
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By inserting the second terms of (3.17) and (3.18) in (4.8) we get the following expressionsfor M

and M,
(4.10)
- -
J 11
y iE ( ‘ZEmax(Zl, . '*k))gg lEeE( (Z Zgoe ’ZR’““))HEJ

ik~ 1

EZ-}E.E'?E(
1 €

(Zes ZazsZa o) )8 g

and

el

z,3 min(ZRl,ZRVZ,...,ZR'Hk))g{é i i E?E(Z‘Zs min(2,,Z,....2,.,))

\j .
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a

—lr
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411) M, =
1 .
{EgE(zR

Z.3 min(ZR,l, Zpor g, J+k))H‘§

5. Summary and discussion

The notion of mobility considered in this paper hasits origin from Fiedman's (1962) discussion of the
relationship between income mobility and long-term income inequdity. This relationship has
motivated a considerable theoretical and applied literature, starting with Shorrocks (1978), who
employed a two-step aggregation approach to assess mobility as an equalizer of long-term income.
The first step consists of aggregating the income stream of each individua into an interpersonal
comparable measure of permanent income, whereas the second step deals with the problem of
aggregating the distribution of permanent incomes into measures of social welfare, inequality, and
mobility.

In Shorrocks (1978) as well as in most subsequent empirical studies of income mobility, the average
real income over several years is used as an approximation for permanent income. A common
objection against this approach, is the fact that it ignores that high mobility may imply income
instability for the individuals, which will matter for their welfare if it is costly to transfer income. By
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disregarding the welfare loss that may be associated with income fluctuations, it is not necessarily true
that high mability will be preferable for an inequality averse socia planner. To address this issue, we
introduce a measure of permanent income that explicitly incorporates the costs of and constraints on
making inter-period income transfers. ™ If the instantaneous utility function of the intertemporal utility
function belongs to the much used Bergson family, our permanent income measure is equivaent to the
concept of utility-equivalent annuity used by Nordhaus (1973) and Creedy (1999) as a measure of
permanent income. Nordhaus (1973) as well as Creedy (1999) express concerns about the sensitivity
of analysis of lifetime inequality to the social planner’s choice of preference parameters. In this paper,
we demonstrate, however, that their concern is uncaled for, asinequality and mobility estimates based

on utility-equivalent annuity measures prove to be independent of these preference parameters.

After aggregating the incomes of an individua into a permanent income measure, we introduce a
method for aggregating the permanent incomes across individuals into measures of long-term income
inequality, socia welfare and income mobility, when immobility is defined as no changes over timein
individuals' rank in the short term distributions of income. Since this definition calls for measures of
mobility that are derived from rank-dependent measures of inequality, we employ an axiomatic
approach to justify the introduction of a generaized family of rank-dependent measures of inequality
where the distributional weights, as opposed to the members of the family introduced by Mehran
(1976) and Y aari (1988), depend on income shares as well as on population shares. Importantly for
empirical research, it is straightforward to estimate these inequality measures, which supplement each
other with regard to sengitivity to changes in the lower, the central and the upper part of the income
distribution. A subfamily of this generalized family of rank-dependent measures of inequality is shown
to be associated with social welfare functions that prove to have intuitively appeaing interpretations.
Further, the new general family of inequality measures provides several dternative instructive
interpretations of the Gini coefficient.

While our paper has considered mobility as the extent to which equalisation of income occurs as the
accounting period is extended, Chakravarty et a. (1985) and Ruiz-Castello (2004) proposes mobility
measures that tell us how inequality of permanent incomes compares with the inequality of the first-
year incomes. In the latter case, the mobility measures are viewed as a welfare comparison between
the actual path of the income distribution and a hypothetical path where there is no change over time
from the first-year distribution. A possible advantage of these mobility measures is that they convey
whether mobility equalises or disequalises the distribution of permanent income relative to the first-

> An dternative approach to capture the effect of income fluctuations is found in Maasoumi and Zandvakili (1986, 1990),
who replace individual’s average income by a measure of the utility of his incomes, where the incomes of the different
periods are treated as distinct and substitutable attributes depending on the choice of easticity of substitution. The role that
credit markets play in this measure of permanent income is unclear, asit is not derived from intertemporal choice theory but
the upshot of an aggregator function that is derived by appealing to a generalised criterion from information theory .
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year distribution (see Benabou and Ok, 2001). It is, however, straightforward to apply our measure of
permanent income as well as the proposed family of rank-dependent measures to construct measures
of mobility defined as equalisers of long-term incomes relative to firs-year incomes. This is simply
achieved by replacing of the inequality in the distribution of permanent income derived under the
assumption of no changesin individuals' positions over time with the inequality in the distribution of
the initial year income in the denominator of the proposed family of rank-dependent measures of
mobility. By doing so, we can separate equalising income mobility from income instability costly for

individuals, using first-year income distribution as the base.
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7. Appendix

LEMMA 1. Let H be the family of bounded, continuous and norn-negative functions on [0,1] which are
positive on &,1fiand let g be an arbitrary bounded and continuous function on [0,1] . Then

09 h(t)dt>0 forall hi H
implies
g(t)2 0 forall t1[0,1]

and the inequality holds strictly for at least one t T (0,1).

The proof of Lemma 1 is known from mathematical textbooks.
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