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Figure 2: Contour plots for the Dirichlet (a,b,c) and N-IG (d,e,f) densities on ¢, with p; = p2 = 1 = P2 = %

for di®erent choices ofa and &.



Let Z ={Qua,,. A, A1,..., 4, € Z, n > 1} be a family of probability distributions and let «
be a finite measure on (X, 27) with a(X) =a > 0. If {A4;,...,A,} is a measurable partition of X, set

(6) Qa,,..04,(C) = / fvi,...,vp1)dog -+ dop—y vC € R,
CNAL_,

where f is defined as in (4) with o; = a(A4;) > 0, for all ¢. If {A4;,...,A,} is not a partition of X,

consider the partition {Bi,..., B,,} it generates and set

Qay.n, (C)=Qp, .5, ({21, xm) €0,™: O wi,..., Y x;) € CY)
(1) (n)

where Z(j) means that the sum extend over all indexes ¢ € {1,...,m} for which B; C A;. One can

show that &2 satisfies the following conditions
(C1) For any n > 1 and any finite permutation 7 of (1,...,n)
Qay,.4,(C)=Qa, ... A, (TCO) vC € B(R")
where 7C' = {(2r(1), - -, Za(n)) + (21,...,2,) € C}.
(C2) Qx = 61, where 0, stands for the point mass at x.

(C3) For any family of sets {Ay,..., A} in 27, let {Ds,..., Dy} be a measurable partition of X such
that it is finer than the partition generated by {Ai,..., A, }. Then, for any C' € Z(R")

Qay.n, (C) = Qp, .0, ({(21,...ozn) €0,1)" s O ai...,> a) € C}).
(1) (n)

(C4) For any sequence (A,,),>1 of measurable subsets of X such that A,, | (), then

Qa, = o,
where the symbol = denotes, as usual, weak convergence of a sequence of probability measures.

Hence, according to Proposition 3.9.2 in Regazzini (2001), there exists a unique random probabil-
ity measure admitting &2 as its family of finite-dimensional distributions. We term such a random

probability measure P normalized inverse Gaussian (N-IG) process.

3.2. Relation to other classes of discrete random probability measures. In this subsection
we discuss the relation of the N-IG process to other classes of discrete random probability measures.

First of all, let us recall that Ferguson (1973) proposed also an alternative construction of the
Dirichlet process as normalized gamma process. The same can be done in this case by replacing the
gamma process with an inverse Gaussian process, i.e. an increasing Lévy process £ := {& : t > 0}
which is uniquely characterized by its Lévy measure v(dv) = (2mv®)~/2e=?/2dv. If a is a finite and
non—null measure on R, the time change t = A(x) = a((—o00,z]) yields a reparameterized process €4,
which still has independent, but generally not stationary, increments. Since &4 is finite and positive
a.s., we are in a position to consider

(7) F(zx) = fz(x) for every z € R
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Figure 3: Prior probabilities for k£ (n = 100) corresponding to the N-IG process and the Dirichlet
process for different values of a (a). These values were chosen to match the modes at 6, 14 and 28

respectively.

14



terms of a latent variable (see James, 2002). Further investigations are needed for implementing these
interesting sampling procedures efficiently in the N-IG case and, more generally for normalized RMI.
Problems of the same type arise if one is willing to implement the scheme proposed in Nieto—Barajas,
Priinster and Walker (2004).

In order to carry out a more detailed comparison between Dirichlet and N-IG mixtures, we next

consider two illustrative examples.

4.1. Simulated data. Here we consider simulated data sampled from uniform mixtures of normal
distributions with different number of components and compare the behavior of the MDP and mixture
of N-IG process for different choices of priors on the number of components. The performance is then
evaluated in terms of posterior probabilities on the correct number of components and in terms of
log Bayes factors for testing {k = k*} against {k # k*}, where k* stands for the correct number of
components.

Let us first analyze a data set Y199 simulated from a mixture of three normal distributions
with means —4, 0,8, variance 1 and corresponding weights 0.33,0.34 and 0.33 respectively. Indicate
by N(-|m,v) the normal distribution with mean m and variance v > 0. We consider the following

hierarchical model to represent such data:

Vil X) ®ON | X1, i=1,...,100
(X;|P) =~ P
P o~ 2

where & refers to either a N-IG process or a Dirichlet process. Both are centered at the same prior
guess, N(- |l7, t?), where t is the data range, i.e. t = maxY; —minY;. In order to fix the total masses
a and a, we do not consider the issue of matching variances any longer. For comparative purposes in
this mixture modelling framework, it seems more plausible to start with similar priors for the number
of components k. Hence, a and a are such that the mode of p(-|n) is the same in both the Dirichlet
case and the N-IG case. Our choice is to set the mode equal to kK = 8 in both cases, yielding a = 2

and a = 0.2365. The corresponding distributions are plotted in Figure 4.

In this setup we draw a sample from the posterior distribution .#(X (100 | y(100))

100
(_i )7y(100))

by iteratively

drawing samples from the distributions of (X; | X , for i =1,...,100, given by

ki

+ >4 0x: (),

(12) P (Xi €- )

X(liOO)’Y(100)> =q;oN (Xi c.

Y, +Y 2
142 "2 41

where X £1i00) is the vector X (199) with the i—th coordinate deleted and k; refers to the number of X ;f’s
in X (71i00). The mixing proportions are given by
Qo X wg,gog) N(-|Y,t*+1) and qij {(nj — 1/2)w§,919)}N( X7, 1),

(99)

i,0

(99)

subject to the constraint Zf:o q; ; = 1. The values for w; ;" and w; ;" are given as in Proposition 3

)

when applied for determining the “predictive” distribution of Y; given YSOO : they are computed with
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Figure 4: Prior probabilities for k& (n = 100) corresponding to the Dirichlet and the N-IG process.
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Figure 5: Posterior density estimates for the mixture of three normals with means —4,0, 8, variance
1 and mixing proportions 0.33,0.34, 0.33 respectively.

a precision of 14 decimal places. Note that, in general, wl(?og) and w§f’f’> depend only on a, n and k;
but not on the different partition £ of n = ng, + -+ 4+ ng,. This implies that, a table containing the
(99)
0

values for w; o and w§?19)7 for a given a, n and k =1,---,99 can be generated in advance for its use
in the Pélya urn Gibbs sampler. Further details are available on request from the authors.

For obtaining our estimates we resorted to the Pdlya urn Gibbs sampler, such as the one set forth in
Escobar and West (1995). As pointed out in Ishwaran and James (2001), such a generalized Pélya
urn characterization can be considered also for the N-IG case, the only ingredients being the weights
of the predictive distribution determined in Proposition 3. All the following results were obtained by
implementing the MCMC algorithm using 10000 iterations, after 2000 burn—in sweeps. In Figure 5

the posterior density estimates and the true density which generated the data are depicted.

The predictive density corresponding to the mixture of N-IG process clearly represents a more
accurate estimate. Table 3 provides the prior and posterior probabilities of the number of components.
The prior probabilities are computed according to Proposition 4 whereas the posterior probabilities
follow from the MCMC output. One may note that the posterior mass assigned to k = 3 by the N-IG
process is significantly higher than the one corresponding to the MDP.
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n =100 k<2 k=3 k=4 k=5 k=6 =7 k=38 k>9
Dirichlet Prior 0.00225 | 0.00997 | 0.03057 | 0.06692 | 0.11198 | 0.14974 | 0.16501 | 0.46356
a=2 Posterior 0.7038 0.2509 0.0406 0.0046 0.0001
N-1G Prior 0.02404 | 0.0311 0.0419 0.04937 | 0.05386 | 0.05611 | 0.05677 | 0.68685
a = 0.2365 | Posterior 0.8223 0.1612 0.0160 0.0005

Table 3: Prior and posterior probabilities for k corresponding to the Dirichlet and the N-IG process such
that p(k|100) has mode at k = 8.

As far as the log Bayes factors are concerned one obtains BFgy, = 5.46 and BFn_iq, = 4.97 ,
respectively, thus favoring the MDP. The reason of this outcome seems due to the fact that the prior
probability on the correct number of components is much lower for the MDP.

In order to have a clearer picture of the posterior behavior, free of the influence of a priori prob-
abilities on the correct number of components, we have compared the MDP and the N-IG mixture
by matching their a priori probabilities on the correct number of components k* = 3. Keeping the
parameter of the MDP unchanged, this leads to choose for the N-IG a = 0.544 which results in
having the mode at k = 11, thus even more distant from the correct one k* = 3. Table 4 shows the

corresponding posterior probabilities.

n = 100 k<2 | k=3 |k=4 |k=5 |k=6 |k=7 |k=8 |k>9
Dirichlet | Prior 0.00225 | 0.00997 | 0.03057 | 0.06692 | 0.11198 | 0.14974 | 0.16501 | 0.46356
a=2 Posterior 0.7038 | 0.2509 | 0.0406 | 0.0046 | 0.0001
N-IG Prior 0.00482 | 0.00997 | 0.01827 | 0.02751 | 0.03635 | 0.04387 | 0.04966 | 0.80955
a=0.544 | Posterior 0.7667 | 0.1986 | 0.0321 | 0.0025 | 0.0001

Table 4: Prior and posterior probabilities for k corresponding to the Dirichlet and the N-IG process such
that p(k = 3|100) = 0.00997.

Also in terms of log Bayes factors the N-IG behaves better, i.e. BFy,, = 5.46 versus BFn_jg, =
5.79 providing some evidence of the ability of the N-IG in reducing quickly the problem to a smaller
number of clusters.

It is interesting to look also at the case in which the mode of p(k|n) corresponds to the correct
number of components £* = 3. In such a case the prior probability on £* = 3 is much higher for the
MDP, being .285 against .0567 of the mixture of N-IG process. This results in a posterior probability
on k* = 3 of .9168 for the MDP and .86007 for the mixture of N-IG, whereas the log Bayes factors
favor the N-IG mixture, being BFy, = 3.32 and BFn_;q, = 4.63. This seems again due to the fact
that the prior probability of one process on the correct number of components is much lower than the
one corresponding to the other.

The next data set Y129 we deal with in this framework, is drawn from a uniform mixture of 6
normal distributions with means —10, —6, —2,2,6,10 and variance 0.7. Both the Dirichlet and the
N-IG process are again centered at the same prior guess, N(-|Y,t?), t standing for the data range.
Set a = 0.01 and @ = 0.5 such that p(k | n) have mode at & = 3 both for MDP and mixture of N-IG

process. Such an example is meant to shed some light on the ability of the mixture of N-IG process
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of detecting clusters when starting from a prior with mode at a small number of clusters and data
coming from a mixture with more components. In this case the mixture of N-IG process performs
better than the MDP both in terms of posterior probabilities, as shown in Table 5, and in terms of

log Bayes factors, since BFgy, = 3.13 whereas BFn_;q, = 3.78.

n =120 k=1 k=2 k=3 k=4 k=5 k=6 k=7 k=38 k>9
Dirichlet | Prior 0.08099 | 0.21706 | 0.27433 | 0.21954 | 0.12583 | 0.05532 | 0.01949 | 0.005678 | 0.00176
a=.5 Posterior 0.0148 0.3455 0.5722 0.064 0.0033 0.0002
N-1G Prior 0.04389 | 0.05096 | 0.05169 | 0.05142 | 0.05082 | 0.04997 | 0.0489 0.04765 0.6047
a=.01 Posterior 0.0085 0.6981 0.2395 0.0479 0.006

Table 5: Prior and posterior probabilities for k corresponding to the Dirichlet and the N-IG process such
that p(k|120) has mode at 3.

If one considers data drawn from mixtures with more components, the mixture of N-IG process
does systematically better, but the phenomenon of “relatively low probability on the correct number
of components” of the MDP reappears leading to favor it in terms of Bayes—factors. For instance, we
have taken 120 data from an uniform mixture of 8 normals with means —14, -10, -6, —2, 2,6, 10, 14
and variance 0.7 and set a = 0.01 and @ = 0.5 so the p(k | 120) have mode at k = 3. This yields an a
priori probability on k* = 8 of 0.00568 and 0.0489 and a posteriori probabilities of 0.0937 and 0.4338
for the MDP and mixture of N-IG process, respectively. On the other hand, the log Bayes factors are
BFg, =290 and BFN_1G, = 2.73. As before, one can match the a priori probability on the correct
number of components such that p(8/120) = 0.04765 for both priors. This happens if we set a = 0.86,
which results in the MDP having mode at k = 4, thus closer to the correct number £* = 8, whereas
the mixture of N-IG remains unchanged. This results in a posterior probability on k* = 8 for the
MDP 0.1134 and, having removed the influence of the low probability p(8/120), in a log Bayes factor
of 0.94. It has to be remarked that for MDP the posterior mode of the distribution on the number of
clusters is in both cases 7 and not the correct number 8.

On the basis of this simulation study some preliminary indications, which will require further
investigations to assess them as general behavior, arise: (a) in terms of posterior probabilities on the
number of components the MDP seems to work better only if the a priori mode on the number of
components is equal to k* £ 1, where k* stands for the correct number of components; (b) in terms
of log Bayes—factors the MDP has a better performance only if the a priori probability on the correct
number of components k* is much lower than the one assigned by the N-IG (say less than 0.01);
(¢) in cases, where log Bayes—factors favor the MDP, a modification of the prior on the number of
components which leads to equal a priori probability on k* (carried out by shifting the prior in such
a way that the mode of the MDP is closer to k* than the mode of the N-IG mixture) leads the N-IG
to perform better in terms of both log Bayes—factors and posterior probabilities; (d) it seems almost
impossible (starting from similar prior information) that the MDP performs better than the N-IG
with respect to both criteria, since the constraints for behaving better are incompatible and lead to a
trade—off (see (a) and (b)).
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4.2. Galaxy data. In this section we reanalyze the galaxy data set, popularized by Roeder (1990).
These data consist of the relative velocities in kilometers per second of 82 galaxies and have been
widely studied within the framework of Bayesian statistics. See, e.g., Roeder and Wasserman (1996),
Green and Richardson (2001) and Petrone and Veronese (2002). For comparison purposes we employ

the following semiparametric setting also analyzed by Escobar and West (1995):

Y [mi, Vi) AN [ ma, Vi), i=1,...,82
(m;,V; | P) N P
P o~ 2

where, as before, & stands for either the N-IG or the Dirichlet process. Again, the prior guess Py is

the same for both nonparametric priors and it is characterized by
Py(A) = / N(x|p, 7o~ 1) Ga(v]s/2,5/2) dx dv,
A

where A € (R x R") and Ga(-|c,d) is the density corresponding to a gamma distribution with
mean c/d. Similar to Escobar and West (1995), a further hierarchy is assumed for p and 7, namely
u ~ N(-|lg,h) and 771 ~ Ga(-|w,W). The hyperparameters for this illustration were chosen to
fit those used in Escobar and West (1995), namely g = 0,h = 0.001,w = 1 and W = 100. For
comparative purposes, we again choose a in order to achieve the mode match: if the mode of p(-[82)
is in k = 5, as it happens for the Dirichlet process with @ = 1, then a = 0.0829. From Table 6 it is
apparent that the N-IG provides a non—informative prior for k if compared to the distribution induced
by the Dirichlet process.

The details of the Pélya urn Gibbs sampler can be found in Escobar and West (1995) with the
only difference being the replacement of the weights with those corresponding to the N-IG given in
Proposition 3. Figure 6 shows the posterior density estimates based on 10000 iterations considered
after a burn—in period of 2000 sweeps. Table 6 displays the prior and the posterior probabilities of

the number of components in the mixture.

n = 82 k<3 | k=4 |k=5 | k=6 |k=7 |k=8 |k=9 | k=10 k>11
Dirichlet Prior 0.2140 | 0.2060 | 0.214 0.169 0.106 0.0548 | 0.0237 | 0.0088 | 0.0038
a=1 Posterior 0.0465 | 0.125 0.2524 | 0.2484 | 0.2011 | 0.08 0.019 0.0276
N-IG Prior 0.1309 | 0.0617 | 0.0627 | 0.0621 | 0.0607 | 0.0586 | 0.0562 | 0.0534 | 0.4537
a =0.0829 | Posterior | 0.003 0.0754 | 0.168 0.2301 | 0.2338 | 0.1225 | 0.0941 | 0.0352 | 0.0379

Table 6: Posterior probabilities for k£ corresponding to the Dirichlet and the N-IG process in the galaxy data
example.

Some comments are in order about the output contained in Table 6. Escobar and West (1995)
extensively discuss about the issue of learning about the total mass a. This is motivated by the
sensitivity of posterior inferences on the choice of the parameter a. Hence, they randomize a and

specify a prior distribution for it. It seems worth noticing that the posterior distribution of the
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Figure 6: Posterior density estimates for the galaxy data set.
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number of components for the N-IG process, with a fixed a, essentially coincides with the corresponding
distribution arising from a MDP with random a, given in Table 6 of Escobar and West (1995). Some
explanations of this phenomenon might be the following: (a) the prior p(k|n) is essentially non—
informative in a broad neighborhood of its mode, thus mitigating the influence of a on posterior
inferences; (b) the aggressiveness in reducing/detecting clusters of the N-IG mixture, shown in the
previous example, seems also a plausible reason of such a gain in “parsimony”. However, also for
mixture of N-IG it may be of interested randomizing a. In order to achieve this a Metropolis step
has to be added in the algorithm. This is in principle straightforward. The only drawback would be
an increase in the computational burden, since computing the weights for the N-IG is after all not as

quick as computation of those corresponding to the Dirichlet process.

5. THE MEAN OF A NORMALIZED INVERSE GAUSSIAN PROCESS.
An alternative use of discrete nonparametric priors for inference with continuous data is represented
by histogram smoothing. Such a problem can be handled by exploiting the so—called filtered—variate
random probability measures as defined in Dickey and Jiang (1998). These quantities essentially
coincide with suitable means of random probability measures. Here, we focus attention on means
of N-IG processes. Recently, after the breakthrough achieved by Cifarelli and Regazzini (1990), this
has become a very active area of research in Bayesian Nonparametrics. Among others, it seems
worth mentioning Diaconis and Kemperman (1996), Regazzini, Guglielmi and Di Nunno (2002) for
the Dirichlet case and Epifani, Lijoi and Priinster (2003), Hjort (2003), James (2002) for results
beyond the Dirichlet case. In particular, Regazzini et al. (2003) deal with means of normalized priors
providing conditions for their existence, their exact prior and approximate posterior distribution. Here
we specialize their general results to the N-IG process and derive the exact posterior density.
Letting X =R and 2 = %(R), we study the distribution of the mean [ 2P (dz). The first issue
to face, is its finiteness. A necessary and sufficient condition for this to hold can be derived from
Proposition 1 in Regazzini et al. (2003) and is given by [, v2Az + 1 a(dx) < +o0 for every A > 0.
As far as the problem of the distribution of a mean, is concerned, Proposition 2 in Regazzini et

al. (2003) and some calculations, lead to express the prior distribution function of the mean as
11, [t™1 . 1
Flo)==-——¢ — expq— [ V/1+4t2(x —0)? cos |- arctan(2t(z — o)) | «a(dzx)
2 7T 0 t R 2
1
(13) X sin {/ V14 4t?(x — 0)? sin {2 arctan(2t(x — 0’)):| } dt
R

for any 0 € R. Before providing the posterior density of a mean of a N-IG process it is useful to
introduce the Liouville-Weyl fractional integral which is defined as I”, h(c) = [ %h(u)du, for
n > 1, and set equal to the identity operator for n = 0, for any ¢ < o. Moreover, indicate by Re z and

Im z the real and imaginary part of z € C, respectively.

Proposition 5. If P is a N-IG process with diffuse parameter o and —oo < ¢ = inf supp(«), then

the posterior density of the mean is of the form

1 —1
(14) pem (0) = = I"'Imyp(0) if nis even and  pym (0) = — I'7 'Reyp(o) if n is odd
7r

™
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with
(Tl _ 1)[ 2n—1 fOOO tn_167 jk\/lfitQ(mfa')a(d:r) Hf:1(1 _ Zt2($; _ O.))—nj—i-% dt

g) =
¥(o) a2n—(2+k) Z:;ol (n;l)(_a2)—rr‘(k +2+2r —2n; a)

6. CONCLUDING REMARKS.

In this paper we have studied some of the statistical implications of the use of the N-IG process as an
alternative to the Dirichlet process. Both priors are almost surely discrete, allow for explicit derivation
of their finite—dimensional distribution and lead to tractable expressions of relevant quantities. Their
natural use is in the context of mixture modelling, where they present remarkably different behaviors.
Indeed, it has been shown that the prior distribution on the number of components, induced by the
N-IG process, is wider than the one induced by the Dirichlet process. This seems to mitigate the
influence of the choice of the total mass a of the parameter measure. Moreover, the mixture of N-IG
process seems to be more aggressive in reducing/detecting clusters on the basis of ties present in the
data. Such conclusions are, however, preliminary and still need to be validated by more extensive

applications, which will constitute the object of our future research.
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APPENDIX: PROOFS

A.1 Proof of Proposition 1.

Having (3) at hand, the computation of (4) is as follows. One operates the transformation W; =
v, vyt fori = 1,...,n—1, and W,, = Z;’ZlVJ Some algebra and formula 3.471.12 in
Gradshteyn and Rhyzik (2000) leads to the desired result. O

A.2 Proof of Proposition 2.

In proving this result we will not use the distribution of a N-IG random variable directly. The key
point is in exploiting the independence of the variables (Vi,...,V;,) used for defining (W1,...,W,).
Set V = Z?Zl Vi, Vi = 32,4 V; and recall that the moment generating function of an IG(a,7)
distributed random variable is given by E[e~*X] = e=@(V2A7*=7) As far as the mean is concerned,

for any i = 1,...,n, one has

d

E[W;] =E[V;V~!] = /Om Ele™""""] E[e™"""Vi]du = /;OO Ele™" =] E[-— e~ *"]du

du
+oo d +oo
= f/ e (@) (V2uti=1) = —ai(v2utI-1) gy — ozi/ (2u + 1)~ 1/2ea(V2ut1=1)qy,
0 du 0
a [T d o ;
=— ——e W=D gy = 2 —
a Jo du a

23



having applied Fubini’s theorem and Theorem 16.8 in Billingsley (1995). The variance and covariance

can be deduced by similar arguments combined with integration by parts and some tedious algebra.
|

A.3 Proof of Proposition 3.
From Pitman (2003) (see also James, 2002 and Priinster, 2002) one can deduce that the predictive

distribution associated to a N-IG process with diffuse parameter « is of the form

k
P(Xn41 € ~|X(”)):w(n) o) _’_lz

w](n) 5X;f ()

with weights equal to

a fR+ e 2u+171)/’4n1 (W) - iy () pa (u)du
B o W e OV () fam ()
oy Jr e TN ()

w® =

.- 7Mnj+1(u)a <o Mg (u) du

wi” = ,
; Jor 0T VR ()t ()
where pu, (1) := [, v" e v(dv) for any positive u and n = 1,2,..., and v(dv) = (2mv?)~1/2e7v/2 du.

One easily verifies that p,(u) = 2" "1 T'(n — 2)(v/7 [2u + 1]"~1/2)~! and, moreover,

ana

du.

+oo , n—1 ,—a+2u+1
/+ ut e o WREFT=D ) e (u) du = —1/2) / uo e
R

2u + 1Jn—F/2

HF

By the change of variable v/2u 4+ 1 = y, the last expression is equal to

2n k 1 +oo (y2 _ 1)71—1 e~y
H F 1/2 gn—1 / 2n—k—1 dy
1 Y

k n—1
e n—1 1 [T e
= gk1 VoL HF (n; —1/2) ;) < , > (1) /1 y2n—h—ar—1 dy

k
[IT ;- 1/2) Z<”1> YR 2n=2=k=2r Pk 4 9 op 4 2: q)

j=1 r=0

ERGL
Now the result follows by rearranging the terms appropriately combined with some algebra. O

A.4 Proof of Proposition /.
According to the proof of Proposition 3, the joint distribution of the vector of k& distinct observations
(X7,...,X}) coincides with

P(X{ edxy,..., X} €day) =

a(dxl)---a(dxk)ake;(lﬂk/zrl f[ ( ) S(”f)(—a?)Tr(k+2+2r_2n;a).

Jj=1

3
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The conditional distribution of the vector (k,ni,...,nx), given n, can be obtained by marginalizing
with respect to (X7,...,X}) thus yielding

n—1

(15) ;al(w HF(nJ 1) Z(n;1>(—a2)—’“r(k+2+2r—2n;a).

r=0

In order to determine p(k|n) one needs to compute

k
1

SIIr (nj _ 2)

(%) j=1
where (x) is the set {(n1,...n,) 1 n; >0, Z?:l nj = n}. Using formula (127) in Pitman (2003), one
has

k
2n—k—1\ I'(n) _o_
_ 2 = k/2 <) :< )22k 2n
n ™
Z_l;[ (a > (E;JHI Pl U S v 7y

where, for any positive b, (b),, = I'(b+ n)/I'(b), and the result follows. O

A.5 Proof of Proposition 5.

Let II,,, = {An; : i =1,..., kn} be a sequence of partitions constructed in a similar fashion as is done
in Section 4 of Regazzini et al. (2003). We accordingly discretize « by setting ay, = Zf;"l Qi Oy ss
where oy, ; = a(An;) and s, is a point in A, ;. Hence, whenever the j—th element in the sample
X; belongs to A, ;; it is as if we observed s, ;,. Then, if we apply Proposition 3 in Regazzini et
al. (2003), some algebra leads to express the posterior density function for the discretized mean as

(14) with

e 2n7k k
(15) (o) = =Ch(z™) NG j];[lam,z-,.r(nj_uz)

+oo tnfle* Zf’:’ﬁ 1—it2(s;—0) am,;

k .
[Tr—y [(A = it2(ss, — )" 2 + gm(mii, s Smi, > t)]

dt

)

where C,,(z(™)~! is the marginal distribution of the discretized sample and gy, (m i, , Sm.i,,t) =
O(a}, ;) as m — +oo, for any ¢. On the basis of Proposition 4 in Regazzini et al. (2003) one could
use the previous expression as an approximation to the actual distribution, since it converges a.s.,
in the weak sense, along the tree of partitions II,,,. But, in the particular N-IG case, we are able to
compute C, (sr:(”))’1 mimicking the technique used in Proposition 1 and exploiting the diffuseness of

«. Thus one has

ef 2n k n—1_,—av2u+1

l_ICsz27 n; —1/2) / : v ¢ du.
(0,+00) 1

- (n —1 'f j=1 r=1 [[1 + 2u]nr_1/2 + hm(OémJ'r,U)]

C’m(x(”))fl

where hy, (m.i,,u) = O(az, ;) as m — +oo, for any u. Insert the previous expression in (15) and

simplify. Then, apply Theorem 35.7 in Billingsley (1995) and dominated convergence to obtain that
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the limiting posterior density is given by (14) with

X an—1,— —it2(x—o)a(dx k ; * —nj+3
(n— 1) fyotnte Javimite—a)aln) 18 (1 — jt2(2% — o))"+ 2dt

Y(o) =— =
f0+ unflefa\/2u+l(m) —n+k/2dy,
Now, arguments similar to those in the proof of Proposition 3 lead to the desired result. O
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