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Abstract

We show that under fairly mild conditions, a maximin expected
utility preference relation is probabilistically sophisticated if and only
if it is subjective expected utility.

1 Introduction

In this paper we consider two well-known choice models, the maximin ex-
pected utility (MEU) model of Gilboa and Schmeidler (1989) and the prob-
abilistically sophisticated model of Machina and Schmeidler (1992).
Machina and Schmeidler (1992) model choices based on beliefs that satisfy
standard de Finetti and Savage qualitative probability axioms and that can
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therefore be represented by convex-ranged additive numerical probabilities.
Their purpose was to provide a subjective Savage-like foundation of the non-
expected utility models under risk dealing with Allais-type paradoxes.

On the other hand, there are important cases, exemplified by the classic
Ellsberg Paradox, in which choice behavior cannot be represented through
“additive” beliefs because of the vagueness that decision makers perceive in
their beliefs. In these cases, decision makers face risk, as well as ambiguity.
Gilboa and Schmeidler (1989) model this Ellsberg-type behavior by assuming
that decisions makers base their decisions on sets of probabilities, sets that
are in general nonsingleton because of vagueness.

These two choice models can overlap. For instance, in choice situations
featuring ambiguity there may well exist subcollections of “unambiguous”
events, involving only risk and no ambiguity. This is the case, for example,
in the Ellsberg paradox itself. Over these collections of unambiguous events,
a MEU decision maker may well exhibit a probabilistically sophisticated be-
havior. This is assumed, for example, by some recent models studied in Chen
and Epstein (1998), Epstein (1997), Epstein and Zhang (1998), where proba-
bilistic sophistication was assumed in order to deal with possible Allais-type
phenomena arising in the unambiguous events’ collection.

In view of these recent papers, it is especially interesting to understand to
what extent these two important models can coexist. Our main result shows
that under fairly mild conditions, such a coexistence is possible only inside
the standard subjective expected utility (SEU) model of Savage (1954). That
is, a decision maker who is both probabilistically sophisticated and maximin
expected utility, has to be a subjective expected utility decision maker.

Hence, once we model Ellsberg-type phenomena with maximin expected
utility, it is no longer possible to deal with Allais-type phenomena via prob-
abilistic sophistication, even “locally” on the collections of unambiguous
events. This is a significant feature of the MEU model as one might be inter-
ested in studying both kind of phenomena, without being forced to choose a
priori one of the two. It is therefore important to know that the MEU model
is not a suitable choice model if one is interested in a “joint” analysis of these
two classic problems. In contrast, section 4 shows that our result only partly
extends to the Choquet Expected Utility model of Schmeidler (1989), leaving
in that model some room for the analysis of Allais-type phenomena.

LA probability P : ¥ — [0, 1] is convex-ranged if, for all P(A) > 0 and all « € (0,1),
there exists ¥ 3 B C A such that P (B) = aP (A).



Our result rests on several factors. There is a basic tension between prob-
abilistic sophistication, in which beliefs are probabilistic (i.e., represented by
a single probability), and the MEU model, in which beliefs are represented by
sets of probabilities. However suggestive, this basic tension is only a part of
the story, and, indeed, Proposition 2 provides examples of MEU preferences
that are probabilistic sophisticated without being SEU. To hold, our result
also needs the existence of at least an unambiguous event, an assumption that
cannot be dropped (see Proposition 2). Another factor that plays an impor-
tant role in our result is the range convexity of the probability that underlies
probabilistic sophistication. Range convexity is a widely assumed property,
common to all Savage-type axiomatizations, like Machina and Schmeidler
(1992). Without this property, our result in general fails. This is the case,
for example, in finite state spaces. It is easy to see that under very mild con-
ditions, in two-states spaces all MEU preferences have probabilistic beliefs,
and so our result completely fails in that setting.

We close by observing that, besides his conceptual interest, our result is
useful in studying ambiguity attitudes in the MEU model since it shows that
it is without loss of generality to assume SEU as the benchmark model for
the absence of ambiguity, and there is no need to consider the more general
probabilistic sophisticated preferences. This somewhat simplifies the analysis
of these attitudes, an issue recently studied by Epstein (1999), Epstein and
Zhang (1998), and Ghirardato and Marinacci (1997).

The paper is organized as follows. Section 2 contains some preliminaries,
and Section 3 states and discusses the main result. Section 4 discusses the
extension of our results to the Choquet expected utility model. All proofs
are in the Appendix.

2 Preliminaries

2.1 Mathematics

In this paper we focus on A-systems, the appropriate structure for modelling
collections of unambiguous events (see Zhang (1996), Epstein (1999), and
Ghirardato and Marinacci (1997)).

Definition 1 A class X of subsets of a set S is a A-system if:

1. Se¥,



2. B¢ €Y when F € %,
3. Us, En € X for any sequence {E;};°, of pairwise disjoint sets of X.

A o-algebra is a A-system closed under intersections (i.e., ENE € ¥
when E, E' € ¥). In particular, ¥ is a o-algebra if and only if it is both a
A-system and an algebra.

Let ¥ be a A-system. A nonnegative set-function P : ¥ — [0,1] is a
finitely additive probability if P (S) = 1 and P(EUE') = P(E)+ P(E')
for all pairwise disjoint sets E,E’ € X, while it is countably additive if
P (U2, Ei) =2, P(E;) for all sequences {E;}.°, of pairwise disjoint sets
of X.

A finitely additive probability P : ¥ — [0, 1] is convex-ranged if, for all
P(E) > 0 and all a € (0,1), there exists ¥ > E’ C FE such that P (E') =
aP (E). As well-known, if ¥ is a o-algebra and P is countably additive, then
P is convex-ranged if and only if it is non-atomic, i.e., for all £ € 3 such
that P (E) > 0 there exists ¥ 5 E' C E such that 0 < P(E') < P (E).

2.2 Setting

The set-up consists of a set .S of states of the world, a collection ¥ of subsets
of S, and a set X of consequences. An act f: S — X is a finite-valued and
Y-measurable function.

We assume that a preference relation 77 represents the decision maker’s
preferences on the set of all acts, which we denote by F.

We will need the following Monotone Continuity axiom, due to Arrow
(1970). The condition will be discussed in the next section.

Axiom (Monotone Continuity). Given any acts f = g, consequence
x € X, and sequence of events {En}nZl C XY with E, D E,y1 for all n > 1
and (.~ B, = 0, for all n sufficiently large we have:

x if se E,
f(s) if s¢ E,

whenever these modified acts are Y-measurable.

x if se€ E,
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2.3 Models

A binary relation 77 is an a-maximin expected utility (a-MEU) preference
relation if there exist a utility index u : X — R, a non-empty, weak*-compact,
and convex set C' of finitely additive probabilities P : ¥ — [0,1], and a
constant « € [0, 1] such that, for all f,g € F, f = ¢ if and only if

amin/su(f(s)) dp+(1—a)rlggg/u(f(s)) iP

peC S

> agleig/su(g(s)) dP + (1 —«) rlljlez%c[gu(g(s)) dP.

Moreover, we assume that the range u (X) of u is not a nowhere dense subset
of R, that is, we assume that the interior of the closure u (X) of u (X) is
nonempty. For example, this is the case if u (X) is dense in an interval of R.
This assumption implies that u (X) is at least countably infinite, and so X
as well has to be at least countably infinite.

In general, a-MEU preferences behave quite differently from SEU pref-
erences. For instance, if X C R and C is the set of all finitely additive
probabilities on ¥ = 29, then, for all f € F,

amin/su(f(s)) dP+(1—oz)r11316aé</u(f(s)) dpP

= aminu(f(s)) + (1 - a)maxu(f(s)).

For a = 1, a-MEU preferences are the standard maximin expected utility
preferences axiomatized by Gilboa and Schmeidler (1989) in an Anscombe-
Aumann setting.? The set C represents the decision makers’ subjective pri-
ors, and it is not a singleton because of the vagueness of decision makers’
beliefs. When C is a singleton, 7 is the classic subjective expected wutility
(SEU) relation of Savage (1954).

Some properties of a-MEU preferences have been studied by Ghirardato,
Klibanoff, and Marinacci (1998). An important issue is whether C' is unique
for given a € [0, 1] and u. By the representation result of Gilboa and Schmei-
dler (1989), C is unique in the important case o € {0, 1}, while later it will
be shown that for & = 1/2 such a uniqueness does not hold. It is not know,

2Recently, Casadesus-Masanell, Klibanoff, and Ozdenoren (2000) have provided an
axiomatization of this model in a Savage setting.



however, if C' is unique when o € (0,1) and « # 1/2, though recently Ghi-
rardato, Maccheroni, Marinacci, and Siniscalchi (2000) have shown that this
is the case for symmetric sets of priors.

We now introduce probabilistic beliefs. Each preference relation 77 in-
duces a likelihood relation 7—; on 3, where E 77; E’ if there exist consequences
x* > x, such that

et ifseE | | 2" fseF
z, ifs¢FE |~ |z, ifs¢FE

Throughout the paper we assume that the preference relations 7 satisfy the

standard axiom P4 of Savage (1954), so that the induced likelihood relations

do not depend on z* and z,. In particular, 7; is represented in the a-MEU
model by the set function p : 3 — [0, 1] defined, for all E € ¥, by

p(E) EaglelgP(E)jL(l—a)r}Jlgé{P(E). (1)

>~ has weak probabilistic beliefs if there exists a

convex-ranged finitely additive probability P : ¥ — [0, 1] such that, for all
E.E' €,

A preference relation 7~

P(E)Y=P(F')= E ~ F, (2)
while 7~ has probabilistic beliefs if

P(E)>P(E) <= EZ E. (3)

The most important class of preferences exhibiting probabilistic beliefs are
the probabilistic sophisticated preferences of Machina and Schmeidler (1992).
Besides probabilistic beliefs, they also require some additional conditions that
are superfluous for our purposes, and that therefore we do not consider.?

3 Main Result

Definition 2 Let 7~ be a a-MEU preference relation with multiple priors set
C. A set A € ¥ is non-trivial and unambiguous if 0 < minpec P (A) =
maxpec P (A) < 1.

3See Machina and Schmeilder (1992) p. 755, as well as Epstein and Le Breton (1993)
p. 8 and Grant (1995) p. 163. All these papers provide axiomatizations for probabilistic
sophistication.



We denote by A the set of all events that are non-trivial and unambiguous
for 7. Since all priors agree on A, there is no vagueness in the beliefs over
events belonging to A. This is why the events in A are called unambiguous.

Epstein and Zhang (1998) and Ghirardato and Marinacci (1997) discuss
at length alternative notions of unambiguous events and their behavioral
foundations. In any case, according to all of them, the events in A are clas-
sified as unambiguous and, loosely speaking, behaviorally A is unambiguous
when =, restricted to bets defined on the partition {4, A°}, is SEU.*

We are now ready to state our main result.

Theorem 1 Let 72 be a monotone continuous a-MEU preference relation
defined on the set F of acts measurable with respect to a \-system . If
A0 and o # 1/2, the following two statements are equivalent:

(i) 7 has weak probabilistic beliefs.

(i1) 7 is a subjective expected utility preference relation.

Theorem 1 shows that, under mild behavioral assumptions, probabilistic
beliefs and multiple priors can coexist only in Savage’s subjective expected
utility model. In the introduction we mentioned that an important case
when MEU preferences have probabilistic beliefs is over the collection of
unambiguous events. This case is covered by A = ¥ in the approach of
Ghirardato and Marinacci (1997), while, in contrast, in Epstein and Zhang
(1998)’s approach the collection of all non-trivial unambiguous events is a
A-system that might well be larger than A. It is therefore important that
our result only requires that () # A C ¥ and that ¥ is a A-system and not
necessarily a o-algebra.

In Theorem 1 we use three conditions: A # (), « # 1/2, and the monotone
continuity of 7Z. We now discuss them one at a time.

The condition A # () is conceptually the more significant among the con-
ditions we assume, and Proposition 2 below shows that it is not possible to
omit it in Theorem 1. It is a fairly mild behavioral assumption as it only
requires the existence of a single non-trivial unambiguous event. With con-
ventional additive probabilities, all events are unambiguous, and excluding
the existence of even a single non-trivial unambiguous event seems in general

4See Ghirardato and Marinacci (1997) for details.



a very demanding behavioral assumption. Moreover, in decision theory sev-
eral axiomatizations enlarge the state space by assuming the existence of an
external random device with given probabilities (say, a coin flip or a roulette
wheel). Let m : R — [0, 1] be a probability measure representing the ran-
dom device, defined on a suitable o-algebra R. The set of product measures
{P@m: X ®R — [0,1], with P € C'} has always non-trivial unambiguous
events (for example, all events of the form 2 x A, where A € R).

Theorem 1 requires a # 1/2 and we do not know whether it holds for the
special case & = 1/2. On the other hand, consider the following example. Let
P and @ be any two probabilities, and let C = {aP + (1 — ) Q : a € [0, 1]}.
We have p = (P + Q) /2 for the 1/2-MEU preference 7~ whose set of priors
is C, and so =~ is SEU even though C' is not a singleton. This shows that the
case & = 1/2 has some problematic features. In fact, the nonsingleton nature
of the set of priors C' associated with an a-MEU preference relation is usually
interpreted as a result of the vagueness that decision makers perceive in their
beliefs, and, to be consistent, this standard interpretation requires that an a-
MEU preference be SEU if and only if its set of priors C' is a singleton. This
is indeed trivially true in the standard MEU model axiomatized by Gilboa
and Schmeidler (1989), that corresponds to a = 1, and it can be proved that
this is also true for all a # 1/2 under standard topological assumptions.?
But, the example shows that this is not the case for o = 1/2.

The last assumption we make in Theorem 1 is monotone continuity, a
technical condition that implies that all priors in C' are countably additive, a
property we need to prove Theorem 1. Monotone continuity was introduced
by Arrow (1970), who showed that it is the behavioral condition underlying
the use of countable additive probabilities in SEU theory. In his opinion,
“the assumption of Monotone Continuity seems, I believe correctly, to be the
harmless simplification almost inevitable in the formalization of any real-life
problem.” (Arrow (1970), first lecture). In economic applications Monotone
Continuity is, implicitly or explicitly, widely assumed since countable additiv-
ity is a most useful technical property on which rest many of the fundamental
results of probability theory (cf. Machina and Schmeidler (1992) p. 770).

In any event, the next result shows that it is possible to dispense with this
technical assumption in the important case of a € {0,1} and probabilistic

5The result is available from the author upon request.
SFor a = 1, Chateauneuf, Marinacci, and Tallon (2000) study in detail the implications
of monotone continuity for MEU preferences.



beliefs.

Proposition 1 Let = be an a-MFEU preference relation defined on the set
F of acts measurable with respect to a \-system Y. Suppose that A # () and
a € {0,1}. Then the following two statements are equivalent:

(i) 7= has probabilistic beliefs.
(ii) 7 is a subjective expected utility preference relation.

We close this section by showing that, as announced, it is not possible
to omit the condition A # () in Theorem 1. In fact, consider a non-atomic
countably additive probability P* defined on a g-algebra ¥, and assume that
X = [0,1]. Assume also that u(z) = z for all z € X, so that F consists
of all finite-valued functions f : S — [0,1]. Let C be the set of all finitely
additive probabilities P such that P (E) > (P*(E))® for all E € ¥, and let
=~ be the a-MEU preference relation represented by

Va(f)Earlgleig/fdeL(l—a)rlgeaé(/fdP.

Proposition 2 For each a € [0, 1], the preference 72 is a monotone contin-
uous a-MEU preference relation with A = (0. It has probabilistic beliefs, but
it does not admit a SEU representation.

Remarks. (i) The preferences 7% are actually probabilistic sophisticated in
the sense of Machina and Schmeidler (1992).(ii) The result also shows that
we need condition A # ) even if in Theorem 1 we strenghtened point (i)
by requiring probabilistic beliefs rather than just weak probabilistic beliefs.
Consequently, in Proposition 1 as well, where for a € {0,1} we have such a
strenghtening, it is not possible to omit the condition A # ().

4 Concluding Remarks

We have shown how under mild behavioral assumptions a-MEU preferences
have (weak) probabilistic beliefs if and only if they are actually conventional
subjective expected utility preferences. In part, a similar result holds for the
closely related Choquet expected utility (CEU) model of Schmeidler (1989),
where the likelihood relation —; is represented by a normalized and monotone

9



set function p : ¥ — [0,1], called capacity. In this model, the vagueness of
decision makers’ beliefs is modelled through the non-additivity of the repre-
senting capacity p.

To see to which extent Theorem 1 (and similarly Proposition 1) holds
for CEU preferences, notice that now the appropriate set of unambiguous
events A is {A € X :p(A) +p(A°) =1}. It is easy to see that Theorem 1
holds for monotone continuous CEU preferences whose associated capacities
p have the form p = av + (1 — ) 7 for some « € [0, 1], provided that A # 0,
a # 1/2, and that v is an exact capacity.”

The capacity v has to be exact, a popular property which is however not
satisfied by several behaviorally interesting capacities. Without exactness,
the CEU counterpart of Theorem 1 fails in general, and, therefore, there are
CEU preferences for which our results do not hold and that have probabilistic
beliefs without being SEU.®

A Appendix: Proofs and Related Analysis

A.1 Theorem 1

The proof of Theorem 1 is based on a uniqueness theorem for convex-ranged
measures proved by Marinacci (2000), and on two lemmas.

A.1.1 A Uniqueness Theorem

Theorem 2 Let P and Q) be two finitely additive probabilities on a \-system
Y. Suppose that P is convex-ranged. If there exists a set A € ¥ with 0 <
P(A) < 1 and such that

P(A) = P(E) <= Q(A) = Q(E) (4)

"The dual capacity 7 of v is defined by 7 (E) = 1 — v (E®) for all E € 3. The capacity
v is exact if v (E) = minpecoren) P (E) for all E € X, where core (v) is the set of all
finitely additive probabilities that setwise dominate v, and it is assumed to be nonempty.
Convex capacities are an important example of exact capacities. Since av+ (1 —a)7 is a
capacity, it can be integrated with respect to a standard Choquet integral, and so there is
no need of talking of a-CEU preferences.

8 A simple example is available from the author upon request.
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whenever E € 3, then P = Q). Moreover, if Q) is countably additive, we can
replace (4) with the weaker condition

P(A) = P(E) = Q(A) = Q(E). ()

For a proof, we refer the interested reader to Marinacci (2000). Note
that we only require the existence of a single set A € ¥ for which conditions
(4) and (5) have to be satisfied. No requirement on () is made if condition
(4) holds, while only countable additivity is required when the weaker con-
dition (5) holds Therefore, the result shows a remarkably strong property:
a minimal agreement between two probabilities, at least one of them being
convex-ranged, force them to be equal.

A couple of remarks are in order: (i) some applications of Theorem 2 in
decision theory are contained in Epstein and Zhang (1998), Marinacci (1999),
and Ghirardato and Marinacci (2000); (ii) Mongin (1996) contains a special
case of the first part of Theorem 2 in which both P and @) are non-atomic
countably additive probabilities defined on a o-algebra, and P (A) = Q (A) =
1/2.

A.1.2 Two Lemmas

Lemma 1 Let 7~ be a monotone continuous a-MEU preference relation de-
fined on the set F of acts measurable with respect to a A-system ¥. If -
satisfies monotone continuity, then all P € C are countably additive.

Proof. Since u (X) is not a nowhere dense subset of R, there is an element
u (T) of u (X) such that, by taking appropriate subsequences if needed, both
the two following conditions hold:

(i) there exists a sequence {xk}k21 C X such that z;, = 7 for all k£ > 1,
and limg .o, u (zx) = u (T) ;

(ii) there exists a sequence {w4},~,; € X such that x; <7 for all k > 1,
and limy_o u (zg) = u (T).

In fact, let x € int (u (X)) There is ¢ > 0 such that (r —e,x +¢) C

int (u (X )) and, being = € u (X), there is a sequence in u (X) converging

to z. Eventually, the sequence will belong to (z — e,z + ¢), and so there

11



is T € u(X) such that T € (x — e,z +¢). Then, there is € > 0 such that
(T —,T+¢) Cint (u (X)) Now, suppose (ii) does not hold for Z. Then,
there is a € (T —&,7) such that (a,7) C u(X)°. Being (a,T) open, we

then have (a,T) C int ((u (X))°) C ( (X))C. But, (0,7) C (T — 2,7 +2) C

int (u (X )) C u(X), a contradiction, and we conclude that (ii) holds. A

similar argument holds for (i).

Suppose a # 1 and consider (i). There exists some y € X such that
y > T. Wlo.g, set u(T) = 0 and u(y) = 1. Let {E,}, -, € X be a
monotone decreasing sequence with (7, E, = 0. Let g be the constant
act such that g (s) =7 for all s € S, and let {g,},~, be defined as follows:
gn(s) =T for all s € ES and g, (s) = y for all s € E,. For each k > 1,
x, > g and so, by Monotone Continuity, for all n sufficiently large we have
Tk > gn. Hence, aminpeo P (E,) + (1 — @) maxpec P (E,) < u(zy) for all
n sufficiently large. Since limg_ . u (z) = u (T) = 0, we conclude that

nh_)rglo (a IPHEIgP (En)+ (1 —a) I}I}gg{P (En)> = 0. (6)

Eq. (6) in turn implies that lim,, . minpec P (E,) = 0 because 0 < minpec P (E,) <
aminpec P (E,) + (1 — o) maxpec P (E,). Moreover,

lim max P (E,)

n—oo PeC

5 aminpec P (E,) + (1 — ) maxpec P (Ey)
= 1im

n—00 11—«

lim min P (E,) = 0.

1 — a n—oo PeC

This proves that lim, .., P(E,) = 0 for all P € C. Let {E,},., C ¥ be
a monotone decreasing (increasing, resp.) sequence with (", E, = E €
¥ (UL, E, = E, resp.). Then E, — F € ¥ and (| _,(E,—FE) =0

(N2, (E—E,) = 0, resp.), so that lim, P (E,) = P(E) for all P € C.
Finally, a similar argument, based on property (ii), proves the result for
a=1.01

Lemma 2 Let 77, be an a-MEU preference relation. If o # 1/2, then A € A
if and only if p(A) + p(A°) =1 and p(A) € (0,1).

12



Remark. This result does not hold when o = 1/2. In fact, when oo = 1/2, it
holds that p (F) + p (E€) = 1 for all events E' € 3. This failure is the reason
why we need the condition o # 1/2 in Theorem 1.

Proof. We only prove the “if” part, the other being trivial. Suppose that
p(A) + p(A°) = 1 and that p(A) € (0,1). Since minpec P (E) = 1 —
maxpec P (E°) for all E € ¥, we can write:

1 = « {min P(A)+ min P (Ac)} + (1 —a) {maXP (A) + max P (A°)
pPeC pPeC pPeC pPeC

= (2a—-1) {glelgP(A) —l—glelglP(A )] +2(1—a),
and so (2a — 1) [minpec P (A) + minpee P (A¢)] = 2a — 1. Conclude that, if
a # 1/2, then minpee P (A) + minpee P (A°) =1, andso A€ A. W

A.1.3 Proof of Theorem 1

(ii) trivially implies (i).” As to the converse, since = is weakly probabilisti-
cally sophisticated, there exists a convex-ranged finitely additive probability
P* on ¥ such that, for all £, E' € X,

Pr(E) = P (E') = p(E) = p(E'). (7)

Hence, there exists a function ¢ : [0,1] — [0,1], with ¢(0) = 0 and
¢ (1) = 1, such that p(F) = ¢(P*(F)) for all E € ¥. Let A € A. Tt is
easy to check that p(A) € (0,1), and so P*(A) € (0,1) as otherwise either
p(A) = 6(P* (4)) = 6(0) = 0 or p(A) = 6 (P" (A)) = 6(1) = 1. Now,
let £ € ¥ be such that P*(FE) = P*(A). Suppose that o # 1/2. By
(7), p(A) = p(F) and, since P*(E°¢) = P*(A°), p(E°) = p(A°). Hence,
p(E)+p(E°) =p(A) +p(A°) =1, and so, by Lemma 2, £ € A. We then
have

min P (B) = min P (4) = P (4) = p(4) = max P (A) = max P ().
Moreover, A € A implies P (A) € (0,1). We conclude that, for all P € C and
all B €%, P*(E) = P*(A) = P(E) = P(A), with 0 < P*(A), P (A) < 1.
On the other hand, by Lemma 1, all P € C' are countably additive. Hence,
Theorem 2 implies that P* = P for all P € C, and so C' = { P*}. This shows
that ~ is SEU. &

Tt is easy to prove that under standard topological assumptions, (ii) implies A # (0.

13



A.2 Proposition 1

We only prove that (i) implies (ii), the converse being trivial. Consider
a = 1 (the case @ = 0 is similar), and let A and ¢ be as in the previous
proof. Because 7~ has now probabilistic beliefs, ¢ is strictly increasing. Let
P € C and suppose that P (A) = P (E) € (0,1). Then

6(P* (4)) = min P(4) = P(4) = P(E) > min P (E) = 6 (P* (£),
so that P*(A) > P*(E) and P*(A) € (0,1) because ¢ is strictly increasing.
A similar argument shows that P (A¢) = P (E°) implies P* (A°) > P* (E°).
We conclude that P*(A) = P*(E). On the other hand, the implication
P*(E) = P*(A) = P(E) = P(A) of the previous proof still holds, and so,
for all £ € ¥ and all P € C, we have

P*(A) = P*(E) <= P (A) = P(E).

Hence, condition (4) of Theorem 2 holds, and so P* = P, which in turn
implies C = {P*}. W

A.3 Proposition 2

Since P* € C, C # (; it is also easy to check that C' is convex and weak*-
compact. Because (P*)® is continuous at S, all P € C are countably additive.
Hence, each ~—“ is monotone continuous by a result of Chateauneuf, Mari-
nacci, and Tallon (2000). Since (P*)° is a convex capacity, minpec P (E) =
(P*(E))? for all E € ¥. Some simple algebra then shows that A = () for all
a € [0, 1], and that for all £ € ¥, aminpec P (E)+ (1 — a) maxpec P (E) =
b, (P* (E)), where ¢, : [0,1] — [0,1] is defined by ¢,, (z) = 23+3 (1 — ) (z —
for each € [0,1]. Hence, for all E,F' € ¥, E = E' & ¢,(P*(E)) >
¢, (P*(E")). Since ¢, is strictly increasing for each « € [0,1], we have
E =} E' < P*(FE)> P*(E'), and so 7z* has probabilistic beliefs. By a sim-
ple result of Villegas (1964), P* is the only additive representation of each 2Z¢,
and so the only SEU preference functional that can possibly represent each
Z*is U (f) = [ fdP*. It remains to show that U does not represent any =
Consider the partition {A;, As, As} such that P*(A;) = 1/3 for i = 1,2, 3,
and the act f defined as follows: f(s) = 1if s € Ay, f(s) = € (0,1) if
s € Ay, and f(s) = 0if s € A3. Simple algebra shows that U (f) = V, (f)
iff = (—=1/9)6+ (5/9). Hence, if we take 5 = 1/2, U (f) # V. (f) for all
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a # 1/2, while for § = 1/4,
a thereis f € F with U (f)
argument holds for U (f) >
that g (s) = U (f) and ¢’ (s) = V,, (f) for all s € S. We have g <* f ~ ¢/,
while U (9) = U (f) < U (¢’), and so U does not represent 2-¢. W

U(f)# Vy(f) for all @ # 19/36. Then, for each
# Vo (f). Suppose that U (f) < V,, (f) (a similar
Va ( f)). Let g and ¢’ be the constant acts such
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